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Abstract

In Part I, we study bounded rationality in repeated two-person zero-sum games. First
we investigate infinitely repeated games in which both players are restricted to pure
strategies that can be executed on a finite automaton. In particular, we provide an
upper bound on the number of states that Player 2 needs to defeat Player 1 when
Player 1 is restricted to simple cycles of length m. Next we argue that the finite
automaton approach to bounded rationality is not satisfactory. As an alternative,
we propose limiting the number of strategies available to the players. We provide a
thorough study of finitely repeatedly zero sum games in which Player 1 is restricted
to mixing over a fixed number of pure strategies while Player 2 is unrestricted. We
describe an optimal set of pure strategies for Player 1 and a method for describing
these strategies such that any strategy from this set can be efficiently executed given
its description. We develop upper and lower bounds on the value of these games
and discuss how the value is related to the strategic entropy function defined by
Neyman and Okada (1999). Finally, we show that an approximately optimal set can
be produced in time which is linear in the size of the set. This set achieves a total

expected payoff that is within an additive constant of the optimal.

In Part II, we investigate the problem of designing mechanisms to control collec-
tive decisions made by self-interested autonomous agents. In particular, we examine
how results in the economics literature on mechanism design apply to collective deci-
sions involving NP-hard optimization problems. We formalize the idea of polynomial
time mechanism design and investigate both dominant strategy and Nash implemen-
tation for a multiagent version of MAXSAT. In particular, we show that there exists
a polynomial time mechanism for multiagent MAXSAT that guarantees the outcome
to be within a factor of 1/2 of the optimal outcome. We also show that, in gen-
eral, a 1/2 approximation is the best approximation possible for dominant strategy,
Nash, undominated Nash and subgame perfect implementation. Our analysis high-
lights some of the difficulties that arise in applying results from mechanism design to

computational problems.
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Chapter 1

Introduction

This thesis investigates bounded rationality in both repeated games and mechanism
design using the tools of theoretical computer science. The idea of bounded rationality
has its roots in the 1950°s in the work of Simon (see Simon, 1982). Traditional game
theoretic models assume that the players are perfectly rational. By perfectly rational,
we mean each player plays its best possible action regardless of its ability to determine
which action that is. In other words, traditional game theory ignores the procedural
aspects of the decision making process'. In particular, even if computing the player’s
best action would require an enormous amount of time, perhaps even longer than one
could expect any player to exist, it is assumed that the player somehow determines
and plays its best action. Because of their dissatisfaction with this assumption, many
researchers have studied games in which players are boundedly rational. A boundedly

rational player has some limit on its ability to determine its best action in a game.

In Part I, we study bounded rationality in repeated games. In the study of
repeated games, bounded rationality often takes the form of a limit on the player’s
ability to remember the history of play. One commonly used approach suggested by
Aumann (1981) is to limit the pure strategies available to a player to strategies that

can be executed on finite automata. Chapter 2 provides an introduction to repeated

'For a detailed discussion of bounded rationality in game theory see Rubinstein (1998).



two-person zero-sum games with finite automata. In Chapter 3, we show that when
Player 1 is further restricted to finite automata that are simple cycles of size m,
Player 2 needs at most 3m2™*! states to “defeat” Player 1 in an infinitely repeated
game.? In Chapter 4, as an alternative to the finite automaton approach, we suggest
limiting the number of pure strategies that a player is allowed to use. We thoroughly
investigate finitely repeated two-person zero-sum games in which one of the players
is restricted in this way while the other is unrestricted. We provide upper and lower
bounds on the value of these games and investigate the computational requirements

of optimal play under these restrictions.

In Part I, we study bounded rationality in mechanism design. Rather than re-
stricting the players to finite automata or to sets of a particular size as we do in Part I,
we restrict the players to polynomial time computation on a general computing device.
Chapter 5 introduces the mechanism design problem. Chapter 6 formalizes what we
mean by polynomial time mechanisms and investigates polynomial time mechanism
design when the social choice rule is hard to compute and, therefore, must be approxi-
mated. In particular, we provide polynomial time mechanisms for approximate social
choice rules for a multiagent version of MAXSAT. Part II can be read independently
of Part L.

The appendices provide short introductions to the concepts from game theory
and computational complexity theory that are used throughout the main body of
the thesis but which are not thoroughly explained there. Readers unfamiliar with
game theory or computational complexity theory may wish to read the appropriate

appendix before reading the rest of the thesis.

?The terms used in this Introduction will be defined in the subsequent chapters.
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Chapter 2

An Introduction to Repeated

Games with Finite Automata

There have been many studies of bounded rationality in repeated games (see Kalai,
1990 and Aumann, 1997 for surveys). A number of these studies restrict the pure
strategies available to one or more of the players to strategies that can be executed
by finite automata of a particular size where the size is the number of states in the

automaton.

Definition 2.1 A finite automaton' is a 6-tuple (Q, q1,3,A,6(-),g(-)) where:
Q is a finite, nonemply set of states.
q1 is the starting state.
(3 is a finite input alphabet.
A is a finite output alphabet.
0:Q x B — Q is the transition function.

g :Q — A s the output function.

! As we have defined it, this is usually called a Moore machine. See Hopcroft and Ullman (1979)
and Moore (1956).



A pure strategy for a repeated game that can be executed on a finite automaton is
called a finite state strategy. The size of a finite state strategy is the number of
states in the smallest automaton that executes that strategy. We think of a finite
automaton executing a pure strategy for Player 1 in a repeated game by associating
the automaton’s output alphabet with the actions available to Player 1 and its input
alphabet with the actions available to Player 2. At each stage of a repeated game, the
action chosen by Player 1 is the symbol specified by the output function for the current
state of the automaton. The automaton changes state based on the actions chosen by
Player 2. For example, suppose Player 1’s action set is {a, b} and Player 2’s action set
is {¢,d}. Figure 2.1 shows a two state finite automaton ({¢1,¢2}, ¢1, Az, A1,6(-), 9(+))

that executes the pure strategy “Play a until Player 2 plays d and play b thereafter.”

C c,d

()

START 3 d

ql 02

Figure 2.1: A finite automaton that executes a pure strategy for Player 1. The output

associated with each state is shown inside the state.

Finite state strategies of size m partition the history of play into m equivalence
classes where the strategy plays in exactly the same way following each history in an
equivalence class. A finite state strategy, therefore, has a limited ability to react to
the history of play. For example, “Play «a if and only if the sequence of actions played
by Player 2 so far has the form c*d* for some nonnegative integer k” is not a finite

state strategy (see Hopcroft and Ullman, 1979, Chapter 3).



There are two papers in the literature on repeated games with finite automata

that are particularly pertinent to our discussion — Ben-Porath (1993) and Neyman

and Okada (1999).

2.1 Infinitely Repeated Games

Ben-Porath (1993) considers infinitely repeated two-person zero-sum games in which
the set of pure strategies available to Players 1 and 2 are restricted to finite state

strategies of size m and @(m) respectively for some integer m > 0.

Definition 2.2 A two-person zero-sum game is a 3-tuple G = (Aq, Az, r) where:
Ay is a finite set of actions for Player 1.
Ay is a finite sel of actions for Player 2.
r: Ay X Ay — R is a payoff function.
Player 1 chooses his action so as to maximize the payoff.

Player 2 chooses his action so as to minimize the payoff.

By the Minimax Theorem (Proposition A.7) every finite two-person zero-sum
game (@ has a value which is denoted by V(). Let s; and sy be finite state strategies
for Players 1 and 2 respectively. Define the payoff for this pair of strategies in the
infinite repetition of GG by:

1 N

Rist,s9) = Jim <" r(a}, ab) (2.1)

—00 :
=1

where a! and a) are the actions chosen at stage 7 by Players 1 and 2 respectively
assuming the players are playing strategies s; and s;. Because s; and s; are finite
state strategies, the sequence of payoffs that they generate is cyclic and, therefore, the
limit in Equation 2.1 exists. Hence, R(s1, s2) is well defined for all pairs of finite state
strategies s; and s,. Let GﬁQ(m) denote the infinite repetition of G where Player 1 is

restricted to finite state strategies of size m and Player 2 is restricted to finite state



strategies of size Q(m). Since the payoff is well defined for each pair of finite state

strategies, G°°7Q(m) has a value which is denoted by V( ﬁQ(m)). In other words,

m

V(Graem) = mox., mig, Besllss)]

where K, ,[R(s1,s2)] denotes the expected value of the payoff given that Players 1
and 2 are playing mixed strategies o and p respectively, S7* is the set of finite state
strategies of size m for Player 1, SQQ(m) is the set of finite state strategies of size Q(m)

for Player 2, and A(S) denotes the set of mixed strategies over a set of pure strategies

S.

We say that Player 2 defeats Player 1 if the value of the repeated game is
max mi} r(ai,az). Ben-Porath (1993) proves the following two results which in-
a1€A; a2€A2
dicate that when Player 1 is restricted to finite state strategies of size m, the number

of states that Player 2 needs to defeat Player 1 is at least exponential in m but no

more than | A |"m 142142,

Proposition 2.3 If Player 1 is resiricted lo finile state strategies of size m and
log, @(m) _ 0

Player 2 is restricted to finite state strategies of size Q(m) where lim

then lim V(G o) = V(G).

m—0Q0 m

Proposition 2.4 Let ST be the set of finite state strategies of size m for Player 1.
Player 2 has a finile state stralegy sy of size Q(m) = |A;|"m™ 4242 sych that, for all

s1 € 57", R(s1,s2) < max min r(aq,as).
a1€A; az€A>

In Ben-Porath’s proof of Proposition 2.3, Player 1 only plays simple cycles so the
result holds even when Player 1 is restricted to pure strategies that are simple cycles

of size m.

Definition 2.5 A finite automaton C = ({1,...,m},1,58,A,6(-),9(-)) is a simple

cycle if the following two conditions hold:

1. for all states 1,1 <@ < m, and all symbols b€ 3, 6(¢1,b) =i+ 1

7



2. for all symbols b € 3, 6(m,b) =1

Figure 2.2 illustrates a simple cycle of size 3. There are no labels on the transitions

since the transitions are taken regardless of the last symbol read. In Chapter 3, we

1 2 3

START

Figure 2.2: A simple cycle.

show that Player 2 needs at most 3m2™*! states to defeat Player 1 when Player 1 is

restricted to simple cycles of size m.

2.2 Finitely Repeated Games

Neyman and Okada (1999) consider N-stage two-person zero-sum games in which
the pure strategies available to Player 1 are finite state strategies of size m(N) while
Player 2 is unrestricted. They define a function called strategic entropy to measure
the uncertainty that a mixed strategy creates about the sequence of play. and demon-
strate conditions under which a Player with bounded strategic entropy will necessarily
be defeated by an unbounded opponent. They state, however, that strategic entropy
should not be viewed as a measure of strategic complexity per se but rather as a use-
ful “abstract informational feature” of repeated games with finite automata. They
use strategic entropy to prove the following result, originally conjectured by Ney-
man (1997), regarding the relationship between the size of the strategies available to

Player 1 in an NV stage game and the value of the game as NV goes to infinity.



Proposition 2.6 In an N-stage game, suppose Player 1 is restricted to finile statle
strategies of size m(N). If m(N)log, m(N) = o(N) then

. N . .
Aim V(Gryy) = max min r(ag,az)

where V(G%(N)) is the value of the N-stage game given the above restriction on

Player 1. |

In Chapter 4, rather than restricting Player 1 to finite state strategies, we consider
finitely repeated games in which Player 1 is restricted to pure strategy sets of cardi-
nality K for some integer K > 2. We provide upper and lower bounds on the value of
these games and use these bounds to give an alternative proof of Proposition 2.6. We
also provide O(K) time algorithms to compute Player 1’s optimal set of pure strate-
gies when the stage game is 2 x 2 and an approximately optimal set when the stage
game is bigger than 2 x 2. Providing such algorithms is important since there are two
phases to the decision making process. In the first phase, the agent has to design his
best strategy. In the second phase, the agent has to execute this strategy. Most of
the work on bounded rationality in repeated games considers only the second phase.
Papadimitriou (1992) argues that the first phase is equally important. We also relate
our results to strategic entropy. There are other informational measures that one
might use in place of strategic entropy (see Chapter 3 of Aumann and Maschler, 1995
which is a reprint of Stearns, 1967) and it is not clear why strategic entropy should
be chosen over something else. Entropy, however, arises naturally in our analysis of
repeated games with finite strategy sets. Our results show that entropy is closely tied
to the value of repeated games with finite strategy sets. These results suggest that the
power of strategic entropy as an informational measure relies on the close connection
between the entropy of a mixed strategy and the number of pure strategies available

to Player 1.



Chapter 3

Defeating Cycles

3.1 The Algorithm

In this chapter, we develop an upper bound on the number of states that Player 2
requires to defeat Player 1 when Player 1 is restricted to simple cycles of size m.
Impose an ordering on Player 1’s cycles and suppose Player 2 started his automaton
by hypothesizing that Player 1 is playing cycle number 1. As soon as the sequence
of actions deviates from Player 1’s first cycle, Player 2 could change his hypothesis
to “Player 1 is playing cycle number 2.” This is essentially the approach used by
Ben-Porath (1993) in the proof of Proposition 2.4. For example, suppose Player 2
knows that Player 1 is playing one of the two cycles in Figure 3.1. If Player 2 sees
a 1 at the first stage he knows Player 1 is playing cycle number 1 and if he sees a 0
at the first stage he knows Player 1 is playing cycle number 2. Figure 3.2 shows an
automaton for Player 2 to defeat Player 1 in this case. Notice that if we ignore the
starting state of the two cycles in Figure 3.1, the two cycles are equivalent up to a
renaming of states. Is it possible for Player 2 to make use of this property to reduce
the number of states he needs to defeat Player 17 Suppose Player 2 could design a

finite automaton to solve the following problem:

10



CYCLE1

START 4}@4}@

CYCLE?2

Figure 3.1: Two possible cycles for Player 1.

Problem 3.1 Let C' be a simple cycle of size m and let w be an infinite string. If
w could have been generated by cycle C', determine which state w started in and play
the best response to w for the remaining stages. If w could not have been generated

by C then reject the string and exit.

For each cycle C of size m, there could be as many as m? different cycles which
are equivalent to C' up to a renaming of states and ignoring the starting state. An

O(m) state solution to Problem 3.1 could reduce the number of states that Player 2

requires by a factor of m.

If Player 2 did not have to worry about creating a small finite automaton to solve

Problem 3.1, he could use the following algorithm which is stated rather informally:

Algorithm 3.1.

1. Start by hypothesizing that the string started in state 1.

11



START 1 0 1

Figure 3.2: An automaton for Player 2 to defeat the cycles in Figure 3.1 assuming a

and b are Player 2’s best responses to actions 1 and 0 respectively.

12



2. Play the best response to the currently hypothesized state.

3. If at some point the string is not consistent with the hypothesized starting
state, change the hypothesis to the next starting state that is consistent
with the string seen so far and continue.

4. 1If the string seen so far is not consistent with any starting state,

reject the string and exit.

We assume the cycle is given in its minimized form.! In other words, no two states
are equivalent, i.e., no two states generate exactly the same strings. Hence, for any
string generated by the cycle, after a finite number of iterations the above algorithm
will hypothesize the correct starting state and, therefore, Player 2 will play a best

response to Player 1 from some finite stage onward.

We use this informal algorithm as a guide in designing Player 2’s automaton. This
automaton will spend a number of states determining Player 1’s starting state and
then transition into the appropriate state in the best response automaton. If at any
point the string is found to be inconsistent with Player 1’s cycle, then Player 2’s
automaton will enter the REJECT state.

Suppose we create an automaton M for Player 2 with states ¢y, ..., ¢, as follows
where M being in state ¢; corresponds to hypothesizing that Player 1 is in state .
M starts in state ¢;. If the next action played is consistent with starting in state 1,
M moves to state go. If the next action is not consistent with starting in state 1,
M jumps to the next state that is consistent with the string it has seen so far. This
corresponds to updating the hypothesis. If the hypothesis has changed from “started
in state 17 to “started in state 2”7, M jumps to state g3 since M has already seen
one action. For example, consider the simple cycle in Figure 3.3. Suppose Player 2’s
best response to actions 1 and 0 are a and b respectively. M starts in state ¢;. If

Player 1 plays 1 at the first stage, M moves to state g, since this action is consistent

'If not, minimize it using the algorithm given in Hopcroft and Ullman (1979).

13
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Figure 3.3: A simple cycle with an unspecified starting state.

with Player 1 starting in state 1. If Player 1 plays 0 at the first stage, then he cannot
have started in state 1. The first state in the cycle that Player 1 could have started
in is state 2. Player 2’s hypothesis should, therefore, change to “Player 1 started in
state 27. Since M has already seen one action, this corresponds to hypothesizing that
Player 1 is currently in state 3. Therefore, M moves to state ¢3. This is shown in

Figure 3.4.

START 1

Figure 3.4: A partial construction of an automaton to defeat the simple cycle which

appears in Figure 3.3. A dashed line indicates a change in hypothesis.

Suppose the hypothesis changed from “started in state 1”7 to “started in state
37. In that case, M should jump to state ¢; because we have already seen one
action. Consider how Player 2 should construct M to defeat the simple cycle given

in Figure 3.5. This is the same cycle as that in Figure 3.3 except that the states are

14



renumbered. Again M starts in state ¢; and moves to state ¢y if Player 1 plays a
1 2 3

Figure 3.5: A simple cycle with an unspecified starting state.

1 at the first stage. If Player 1 plays a 0 at the first stage, the hypothesis should
change to “Player 1 started in state 3”7. Since M has already seen one action this
corresponds to hypothesizing that Player 1 is currently in state 1. Hence, M should
move to state ¢;. This creates a self loop at state ¢; which is shown in Figure 3.6.

Recall, however, that Player 2 is required to reject any string that is not generated

START 1

al @ ®

Figure 3.6: An automaton in which a change in hypothesis causes a suboptimal cycle.

by the cycle. The automaton in Figure 3.6 does not reject a string consisting entirely
of 0’s even though it could not have been generated by Player 1’s cycle. M needs to
be constructed carefully to avoid creating loops prematurely. This can be done by

using 3m states rather than m states. M being in state ¢y,4; where t = 0,1, or 2,



corresponds to the hypothesis that the cycle is in state 7.2 The complete algorithm

for constructing M is given in Algorithm 3.2. To simplify the notation, define C(z, 5)

to

be the string that is output when automaton ' is started in state « and moves to

state . C'(z,1) is defined to be the empty string e. At the beginning of the algorithm,

the m-state cycle given as input is unfolded into an equivalent 3m-state automaton in

which there is a simple prefix of length 2m followed by the original cycle of length m.

This equivalent automaton is assumed to start in one of the first m states. Figure 3.7

shows the automaton equivalent to the simple cycle of Figure 3.5.

Algorithm 3.2: CycleKiller(C").
/* Creates an automaton M = ({q1,..., ¢3m, REJECT}, ¢1, A1, As, A(+),7(+))) */
/* A(+) is the transition function for M. */

/* v(+) is the output function for M. */

1.

2.

Convert cycle C" into the equivalent 3m state automaton
C=({1,...,3m},1, Ay, A1,6(-), g(+)) as described in the text above. The
states in C' are ordered from 1 to 3m where, for all @ € Ay, 6(1,a) =2,...,
6(3m —1,a) =3m and 6(3m,a) = 2m + 1.

Create the 3m + 1 states for M (q1, ..., @m, Gmt1, -y @3m, REJECT).

/* The following loop creates the transitions out of each state ¢; in M. */

e >

10.

For: =1 to 3m
Set v(¢;) to Player 2’s best response to g(¢).
Let z; be the string on the shortest path from ¢; to ¢; in M where z; = e.
For each action a in the action set of Player 1
Let k& be the lowest numbered state if any in €' such that 1 < k < m
and C (k,7) = z,a for some j in C.
If no such k exists then A (¢;,a) = REJECT
else A(g;,a) = g
Return M = ({¢1,...,q3m, REJECT}, qu, A1, Ag, A(),7(4))

2M being in state tm for t = 1 or 2 corresponds to the hypothesis that the cycle is in state m.

16



Mﬂ@%@

Figure 3.7: The 9-state automaton equivalent to the simple cycle from Figure 3.5.

The automaton created for the cycle in Figure 3.5 is shown in Figure 3.8. Notice

REXECT REECT REXECT REXECT REXCT REXECT REXECT

Figure 3.8: The automaton created by Algorithm 3.2 for the cycle in Figure 3.5.

that instead of having a self loop at state ¢;, M moves to state g, when Player 1 plays
0 at the first stage. Algorithm 3.2 avoids creating a loop until M has seen enough of
the string that it can be sure the loop will not trap any string which is not generated

by C.

3.2 Proof of Correctness

By using a series of lemmas, we show that the above algorithm creates an automaton
that plays the best response to Player 1’s cycle after a finite number of stages. Since

Step 1 of Algorithm 3.2, converts Player 1’s cycle into an equivalent automaton C', it
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suffices to show that the algorithm creates an automaton that plays the best response
to automaton C' after a finite number of stages. As in Algorithm 3.2, let z; be the
shortest string such that A* (g1, z;) = ¢;.> We say that a string z is consistent with
a state j in automaton C' = ({1,...,3m}, 1, Ay, A1, 6, ¢(-)) if there is some state k of
C such that 1 <k <m and C(k,j) = z. The proof proceeds as follows:

1. Lemma 3.2 shows that z; is consistent with state ¢ for all z.

2. Lemma’s 3.3 and 3.4 imply that any string reaching a state beyond g3, can be

consistent with at most one state in C.

3. Lemma’s 3.5 and 3.7 imply that any string consistent with C' eventually reaches
a state beyond ¢y, in M and any string that is not consistent with C' is either

rejected before state gq, or reaches a state beyond ¢y, in M.

These results together imply that once a string reaches a state beyond ¢s,,, M has
uniquely determined the state that (' is currently in and, therefore, can begin to play
the best response automaton for €. Any inconsistency encountered after state go,,

indicates that Player 1 is not playing automaton C' so the string can be rejected.

First, we show that z; is always consistent with state z in C.

Lemma 3.2 For1 <1 <3m, x; is consistent with stale 1.

Proof.

Case 1: 1 = 1.

x1 = € so since C(1,1) = €, x; is consistent with 1.

Case 2: 1 > 1.

Since x; is the shortest string = such that A*(¢1,x) = ¢;, x; = x,a for some p such that
A (gp,a) = ¢;. By Step 7 of Algorithm 3.2, there must be a k such that C'(k,7) = z,a.

Hence, ; = x,a is consistent with state z. 1

3A*(q,z) is defined to be the state reached by an automaton with transition function A when

starting in state ¢ and reading string .
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Lemma 3.3 If2m <1 < 3m then ¢ is the only state that x; is consistent with.

Proof. Since no two starting states in (' are equivalent, for any string w such that
|w| > m, w can be consistent with at most one state in C. Since, by Lemma 3.2, z;
is consistent with z, it suffices to show that |z;| > m when ¢ > 2m.

Since z; is consistent with ¢, there is a k£, 1 < k < m such that C(k,7) = z;.
Suppose starting at k in C', x; crosses the edge from state 3m to state 2m + 1. It
must be the case that |z;| > m since k < m and §(t) =t + 1 for all £, 1 < ¢ < 3m.
If z; never crosses the edge from state 3m to state 2m + 1, then k = ¢ — |z;|. Since
k<m,|z;] >1—m > 2m—m = m. Therefore, 7 is the only state that z; is consistent

with. |

Next we show that any string that reaches state ¢; in M contains z; as a suffix.
This combined with Lemma 3.3 implies that any string that reaches a state ¢; with

¢ > 2m is either consistent with state ¢ or was not generated by C.

Lemma 3.4 For all i, 1 <1 < 3m, if y is a string such that A*(q1,y) = ¢; then
y = wx; for some finilte string w.
Proof. By induction on |y|.

Basis: |y| = 0.

Trivially true since z; = e.

Induction Hypothesis: Assume, for all y such that 0 < |y| < I, A*(q1,y) = ¢

implies y = wz; for some finite string w.

Let y be a string of length [+ 1 such that A*(¢1,y) = ¢;. Then there exists a
string z, an action a, and a number ¢, 1 <t < 3m, such that y = za, A* (¢1,2) = ¢
and A (g, a) = ¢;. Since |z| = [, by the induction hypothesis, z = uz; for some
finite string u. Furthermore, since A (¢, a) = ¢;, there exists a ky,1 < k; < m such
that C'(k1,7) = xta. By Lemma 3.2, there must be a k3,1 < ky < m such that

C(kg,1) = ;. Since A*(q1,x¢a) = ¢; and since x; is the shortest string reaching ¢;
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from q1, |z1a| > |z;]. Observe that if two strings reach the same state in C' then one
must be a suffix of the other no matter which state each of them started in. Hence,
x; must be a suffix of z;a. Therefore, y = za = uzr;a = uvz; for some finite string

uv. |

Lemma 3.5 No siring y that is generated by C is rejected by M.

Proof. Suppose y is rejected at state ¢, for some p,1 < p < 3m. Then y = za where
A*(q1,z) = ¢, and A(gp,a) = REJECT. By Lemma 3.4, z = waz, for some finite
string w. Since z,a is a substring of y, it must be consistent with some starting state
in C, i.e. there exists a k,1 < k < m such that C(k,j) = z,a for some j in C. But
then A(gy,a) is set to ¢; # REJECT in Step 9 so y can’t possibly be rejected at

state ¢,. Therefore, y is not rejected by M. |

Lemma 3.6 Ifi < 2m and k and j are such that 1 <k < m and C(k,j) = x; then

k:]—|{L'Z|

Proof. I, starting at k in C', z; does not traverse the edge from state 3m to state
2m+ 1 on its route to state j then k = j — |z;| since 6(1) =t +1 for all £, 1 <t < 3m.
Since 6(t) =t + 1 for all £, 1 <t < 3m, if z; did cross this edge then |z;| > 2m. It

suffices to show, then, that |z;| <i. We can prove this by induction on .
Basis: ¢ = 1. |24| = 0.

Induction Hypothesis: Assume |z;| <7 for all 7, 1 <7 < for some t.

It must be the case that z;11 = z;a for some 7, 1 < ¢ < ¢, and some action a.

Therefore, by the induction hypothesis, |z = |z + 1 <i+1 <1+ 1.

Since |z;| <1 < 2m, x; does not traverse the edge from state 3m to state 2m + 1

and, therefore, k = 7 — |z;]. |

Lemma 3.7 If1 <: < 2m and A(gi,a) = q: then t > 1.
Proof.
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Case l: 21 =1

A(gi,a) = ¢ implies C'(k,t) = a for some k,1 < k < m. Since state 1 has no
incoming edges in C, t = 6(k) > 1.

Case 2: 1 <1 < 2m

Let k; be the least k,1 < k < m, such that C(k,j) = x; for some state j of C.
Since A*(q1,x;) = ¢; and ¢ > 1, it must be the case that x; = z,b for some p and b
such that A(g,,b) = ¢;. Since A(gp, b) = ¢; and k; is the least k such that C(k,j) = z;
for some 7, by Step 7 of Algorithm 3.2, C'(k;,7) = ;. This and Lemma 3.6 imply that

ki =1 — |”ZZZ|

Suppose A(¢;,a) = ¢ where t <. Then, by Step 7 of Algorithm 3.2, C'(k,t) = x;a
for some k,1 < k < m which implies C(k,t—1) = z,. By Lemma 3.6, k = t—1—|z;| <
© — |x;| = k; contradicting k; being the least state k such that C(k,7) = z; for some
state y. Therefore, t > 1. |

Theorem 3.8 Let M be the automaton created by Algorithm 3.2 given cycle C as
input. For any infinite string y generated by C, M plays a best response to y from
some stage onward. For any infinite cyclic string y which s not generated by C, M

rejects y after a finite number of steps.

Proof. First suppose y is an infinite string generated by C'. Lemma’s 3.5 and 3.7
imply that, for any string y consistent with ', M will eventually reach a state ¢; with
¢ > 2m. Therefore, y = wz for some finite string w and infinite string z such that
A*(q1,w) = g; for some ¢ > 2m. By Lemmas 3.3 and 3.4, ¢ is the only state that z;
is consistent with and w has x; as a suffix. Therefore, : must also be the only state
that w is consistent with. Hence, once M reaches a state ¢; with + > 2m, y will be
consistent with the current state of M from that point onward. Since, starting at any
state ¢; of M, M plays the best response to any string generated by C starting at

state 7, M plays a best response to y from some finite stage onward.

Now suppose y is an infinite cyclic string which is not generated by C'. Lemma 3.7

implies that either y is rejected before state ¢g,,41 or y reaches some state ¢; for
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J > 2m + 1. Suppose y not is rejected before state ¢q,,41. Then, y = uv where
A*(g1,u) = ¢; for some 3 > 2m + 1. Since C is equivalent to a cycle, no infinite
cyclic string that is not generated by €' can have an infinite suffix that is generated
by C'. Therefore, v is not consistent with . When ¢ > 2m, ¢ is the only state that
z; is consistent with. Therefore, for each ¢ > 2m and for each action a # ¢(¢), z;a
cannot be consistent with any state in C' so A(g;,a) = REJECT. At some point v
must contain an action a such that a # g(¢) when M is in state ¢;. Since v is the part
of y that is seen after a state beyond ¢y,, is reached, y will be rejected after a finite

number of stages. |

Theorem 3.9 Let C,, be the set of simple cycles of size at most m for Player 1.
Player 2 needs alt most 3m|C,,| < 3m2™*! states to defeat Player 1 when Player 1’s

set of pure strategies is Cp,.

Proof. Use Algorithm 3.2 to create an automaton M; for each of Player 1’s cycles
C; € C,, but, rather than going to the REJECT state, M; will go to the starting
state of the next automaton in the list M;;;. By Theorem 3.8, any time M; sees
a cyclic string that is not generated by C;, it will eventually reject that string and
move to the next automaton. After a finite number of such rejections, it will move to
the correct automaton and stay there playing the best response to Player 1’s cycle.
Since Player 2 makes a finite number of suboptimal plays, from some point onward
he will be playing his best response to Player 1 and, therefore, he defeats Player 1.
Since Player 1 has at most 2™*! cycles of length at most m and since Player 2 uses

at most 3m states in each M;, Player 2 uses at most 3m|C,,| < 3m2™*! states. |
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Chapter 4

Repeated Games with Finite
Strategy Sets

4.1 Introduction

Although restricting players to finite state strategies of some limited size is currently
the most common approach to modeling bounded rationality in repeated games,
Stearns (1989) argued that the state counting measure of strategic complexity is
not satisfactory since the number of states required by a finite automaton to execute
a strategy is not an accurate measure of the amount of memory required by a more
general computing device to execute the same strategy. He illustrated this inaccuracy

with the following example of three strategies for playing matching pennies.

Example 4.1 Let n be the stage number, a,, be the action chosen by Player 1 at stage
n and b, be the action chosen by Player 2 at stage n.

Strategy A: Play a, = H if n =0 (mod 10°) and a, =T otherwise.
Strategy B: Play a, = H if n < 10° and a, = b,_1p¢ otherwise.

Strategy C: Let R be a table of 10° random bits. Play a,, = R[n mod 10°].
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Table 4.1: State and memory requirements for the strategies given in Example 4.1.

Strategy Number of States Approximate Memory
A 106 6log, 10 bits
B 2(10%) 108 bits
C 106 108 bits

Table 4.1 shows the number of states and the amount of memory required to
execute each of these three strategies. Strategies A and C appear to be equally
complex if we look at the state count but strategy A can be implemented using
exponentially less memory. Strategy B is exponentially more complex than Strategy
C according to the state count yet it can be implemented using approximately the
same amount of memory. Thus the relative complexity of strategies depends on the
model of computation chosen to evaluate the strategies. Theoretical results can vary
qualitatively based on the computational model chosen. For example, as we saw in
Chapter 2, Ben-Porath (1993) showed that if Player 1 is allowed to mix over all m-
state finite automata then, unless Player 2 has an exponentially larger automaton, the
value of the repeated game converges to the value of the stage game. However, if we
look at the proof of this result in terms of memory requirements, the proof has Player 1
mixing over finite automata that are simple cycles. These automata require m bits
of memory to implement on a general computing device. Since a finite automaton of
size 2™ might require as little as m bits of memory to implement, Ben-Porath’s proof
shows that Player 2 needs Q(m) bits of memory to defeat Player 1. In fact, Stearns
(1989) shows that O(m) bits is all that Player 2 needs to defeat Player 1 if Player 1 is
restricted to an m-bit memory. Therefore, according to the state counting measure,
Player 2 needs exponentially more resources to defeat Player 1 while according to the

memory measure Player 2 needs only linearly more resources.

Focusing solely on the amount of memory that a program uses in executing a
strategy ignores the fact that the program may require an enormous amount of time to
determine the action to be taken at each stage. Computation time must be considered

a resource in any measure of strategic complexity. It is this time consideration that
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makes the finite automaton attractive because the time that a finite automaton takes
at each stage is considered to be independent of both the length of the game and the
amount of resources available to the player. A more realistic measure of complexity
would take into account both the total amount of memory used and the amount
of time used at each stage. Unfortunately, additional difficulties arise in defining
a general computational model with constant time and memory restrictions since
different computational models (random access machines, linear bounded automata,

etc.) will yield different results and it is not clear which model is most appropriate.

In this chapter, rather than restricting Player 1 to a particular level of resources
on a particular type of machine, we simply limit the number of pure strategies that
Player 1 is allowed to use. We first determine Player 1’s best set of strategies given
an unbounded opponent and then investigate the type and amount of computational
resources required to produce an optimal set and to execute the strategies in this
set. In Section 4.2, we show that, for any K > 1, Player 1 has an optimal set of
K pure strategies which ignore Player 2’s actions and therefore can be represented
by a tree with K leaves. We also provide an algorithm to produce this set when
the stage game is 2 x 2. The algorithm runs in time which is linear in the size of
the set. In Section 4.3, we explain how a machine, given a description of a strategy
from an optimal set, can execute the strategy using only a constant amount of time
at each stage and a constant amount of memory beyond that required to hold the
strategy’s description. We also show that the length of this description is within
a constant factor of optimal. Therefore, Player 1 can play nearly optimally given
a limited memory while using only a constant amount of time at each stage. In
Section 4.4, we provide upper and lower bounds on the value of the repeated game
when Player 1 is limited to a finite number of strategies. The entropy of the optimal
mixed strategy associated with Player 1’s finite set of strategies figures prominently in
the development of these bounds. As a result, these bounds provide insight into how
strategic entropy, as defined by Neyman and Okada (1999), comes to play a role in
bounding the value of repeated games in which one of the players is computationally

restricted. Finally, in Section 4.5, we use these bounds to show how an approximately
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optimal set can be computed in time which is linear in the size of the set.

We will use the following notation in the remainder of this chapter. A; denotes the
set of pure actions in the stage game available to Player ¢. S and T denote the set of
pure strategies in the repeated game available to Players 1 and 2 respectively. A(S) is
the set of mixed strategies over pure strategy set S. |S| is the number of elements in
set 5. When Players 1 and 2 choose actions a; and a, respectively, the payoff in the
stage game is denoted r(ay,ay). V() is the value of the stage game. V(GV) is the
value of the N-stage repetition of G, i.e. V(GV) = arg&}é) Itrél%l Eu. l%nﬁ; r(ay, ag)]
where a? is the action chosen by Player ¢ at stage n and £, is the expected value
given strategies o and t. We will also sometimes refer to the optimal total expected
payoff for an N-stage game which is defined to be aIEHAEL(}é) 1}%1%1 E, Lﬁ:l r(ay, ag)] . GR
represents the N-stage repetition of G when Player 1 is restricted to mixing over K

pure strategies. The adjoint of matrix M is denoted adj M while det M denotes M’s

determinant.

4.2 Representing an Optimal Set

Consider a finitely repeated two-person zero-sum game, G%, in which Player 1 is
restricted to picking a set of K pure strategies and then mixing over these strategies.
Player 2 is informed of the set prior to the start of the game so there is no point in
Player 1 mixing over the choice of sets. Player 2 is not restricted in any way. In this
section, we show that Player 1 can play optimally by choosing a set of pure strategies
that ignore Player 2’s actions. We call a pure strategy that ignores the opponent’s
actions oblivious. Player 1’s optimal set of K oblivious strategies can be represented
by a tree with K leaves. The simple structure of this tree enables Player 1 to compute
the set along with the corresponding optimal mixed strategy using O(K) time when

the stage game is 2 x 2.

Definition 4.2 A set of pure strategies S is an optimal set for Player 1 in G¥
if |S| £ K and there is a mized strateqy o € A(S) such that, for all sets of pure
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strategies X with | X| < K,

1
> : E - n n
a ’YEA?X) TEAI(T) v [N ;::1 (e, %)1

1 N
min F, [ﬁ > r(a},ay)

TeA(T) o

Suppose, for an N-stage game, Player 1 chooses a set of K oblivious pure strate-
gies. Fach strategy in the set can be described by a string of length N specifying the
action to be taken at each stage. We can describe the entire set of strategies using a
tree of depth N with K leaves where each leaf represents one of the strategies from
the set. The labels on the edges of the path from the root to a leaf indicate the ac-
tion chosen at that stage by the corresponding strategy. For example, suppose A; =
{L, R}. The treein Figure 4.1 describes the set { LLLL, LLLR, LLRL, LRLL, LRRL,
RLLL,RLRL,RRLL}.

Figure 4.1: The tree representation of an eight strategy set for a 4-stage game. The
set is {LLLL, LLLR, LLRL, LRLL, LRRL, RLLL, RLRL, RRLL}.

We call a node of outdegree greater than one a fork. Suppose, in the tree rep-
resentation of Player 1’s set of pure strategies, there is no path containing a node of
outdegree one followed by a fork. Suppose further that every edge from the last fork
to the leaf in any path is labeled with one of Player 1’s stage game maxmin actions.

In representing this set, we don’t need to specify the actions after the last fork in a
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path since it is understood that a maxmin action is played from that stage onward.
Under these assumptions, every internal node in the tree will be a fork. We say that
a set of pure strategies has a simple tree representation if it can be represented
by a tree in which every internal node is a fork and it is understood that once a leaf
is reached the strategy plays one of Player 1’s stage game maxmin actions from that

stage onward.

Theorem 4.3 Player 1 has an optimal set of pure strategies having a simple tree

representation.

Proof. First, to see that Player 1 can ignore Player 2’s actions, consider a tree
representation of a non-oblivious set of pure strategies. In this tree, we represent
Player 2’s actions by forks with branches that are dashed lines (see Figure 4.2).

Suppose there is some node in the tree underneath which is a subtree 7 if Player 2

L R

¢/ N ¢/ N

A /\ A |
S3 S4 %34

5 59 j

Figure 4.2: A tree representation of a non-oblivious set of strategies consisting of
S = [L,((¢, L), (d, R))], S2 = [L,((¢, R),(d, L))], S5 = [R,((c, L), (d, L))], and 54 =
(R, ((¢, R), (d, L))]

chose action ¢ at the previous stage and 7' if Player 2 chose action d (Figure 4.3).

Let r, and ry be the expected payoffs achieved by 7 and T respectively under an

28



Figure 4.3: A tree showing Player 1 basing his strategy on Player 2’s action.

optimal mixed strategy, p, for Player 1. Since Player 2 is unrestricted, Player 1
receives an expected payoff of min{r.+r(a1,c),rs+ r(as,d)} from this point onward.
Assume without loss of generality that r. > r;. If Player 1 plays T regardless
of whether Player 2 plays ¢ or d, his payoff from this point onward is min{r. +
r(ai,¢),re+r(ar,d)} > min{r.+r(as,c),rq+r(a1,d)}. Let {s1,..., sk} be the subset
of pure strategies consistent with the history of play up to the point where 7 and
T¢ diverge. Let pi,...,pr be the probabilities associated with these strategies by
Player 1’s optimal mixed strategy p. Since T° is consistent with (p1,...,pr), we can
replace T'? by T without affecting these probabilities. Furthermore, the change to the
strategies s; through sp that corresponds to this replacement only affects outcomes
that are consistent with the current history. Thus, the expected outcome at all other
points in the tree remains the same and, therefore, the total payoff associated with
the tree in which 7' is replaced by 7' is at least as high as the total payoff associated
with the original tree. Hence, Player 1 gains nothing by basing his strategies on

Player 2’s actions.

It 1s easy to see there is no reason to delay a fork since, for any tree which has a

fork following a non-fork in a path, we can construct another tree which achieves the
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same expected payoff by simply shifting the fork up one level (Figure 4.4). Finally,

Figure 4.4: A comparison of two trees — one with and one without a delayed fork.
The tree on the right achieves the same expected payoff as the tree on the left but
with the fork on the leftmost path at stage 3 moved up to stage 2.

once we have passed the last fork on a path, the strategy is uniquely determined by
the history of play so far. Since Player 2 has access to this history and therefore
knows all of Player 1’s subsequent moves, Player 1 can do no better than to play one
of his maxmin actions from that point onward. Furthermore, if he has more than one
maxmin action, he can play the same maxmin action at the end of any path without

affecting his expected payoff. |

The implications of Theorem 4.3 are twofold. First, Player 1 does not benefit
from spending his resources trying to remember what Player 2 has done in the past.
Second, he does not benefit from delaying the point at which two strategies differ,
that is, he gains nothing by concealing his chosen strategy until some point later in

the game.
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4.2.1 Computing an Optimal Mixed Strategy

Given that Player 1 has an optimal set with a simple tree representation, how can he
compute this set along with the associated optimal mixed strategy? We can describe a
mixed strategy over the set by assigning a probability to each leaf of the corresponding
tree since each leaf represents one of the strategies in the set. Alternatively, we could
give a behavioral strategy description by assigning probabilities to the branches at
each fork. The probability of a leaf is then just the product of the probabilities along
the path from the root to the leaf. In general, many different probability vectors
may be used throughout the tree. However, for 2 x 2 games, we show that the same
probability vector can be used at every fork. By making use of this homogeneity
in the 2 x 2 case we can compute an optimal set of pure strategies along with the

associated optimal mixed strategy in time which is linear in the size of the set.

2 x 2 games

Proposition 4.4 shows that when G is 2 x 2, there is an optimal set such that the
corresponding optimal mixed strategy can be described by assigning the same prob-
ability vector to the branches at every fork and that this probability vector is the

optimal mixed strategy for the stage game.

Proposition 4.4 Let G be a 2 x 2 stage game in which Ay = {a1,a2} and (p,1 — p)
s an optimal mixed strategy for Player 1. For every K > 1, there is an optimal set
Sk for G with associated optimal mized stralegy ox such that, at any fork in the
simple tree representation of Sk, op assigns probability p to the branch labeled ay and

probability (1 — p) to the branch labeled a;.

Proof. Suppose we are given a simple tree representation for Sk which is an

optimal set of pure strategies for G¥.

Case 1: The stage game has a saddle point.
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In this case, by playing the same action at every stage, Player 1 can achieve an
expected payoff of V() in the repeated game. Thus, Player 1 has an optimal set of
pure strategies for G containing a single element. This set can be represented by
a tree consisting of a single node since it is understood that a stage game maxmin

action is played at every stage after a leaf is reached.

Case 2: The stage game does not have a saddle point.

ra T2

Let the payoff matrix for the stage game be . Consider Player 1’s

rsa1 T22
choice of action at a stage corresponding to a fork. There is an expected payoff

Vi1 for the remainder of the game given that he chooses action a; at this stage and
an expected payoff V, given that he chooses ay. Player 1’s decision at any fork
is then equivalent to the decision he faces in a 1-stage game with payoff matrix

ra+WVi ma+ Wi

ron+ Vo roo+ Vo

Suppose the modified matrix contains a saddle point. Assume without loss of
generality that this saddle point occurs in row 2. Player 1 should then choose a; at
this stage with probability 0. Thus no strategy starting with a; from this point is
ever used. Let s; be any strategy in Sk corresponding to a leaf in the subtree under
the branch for a;. Since s; is chosen with probability 0, Sk \ {s1} achieves the same
value as Sk and is therefore optimal for G¥.. Thus, we can create a new tree which
represents another optimal set of pure strategies for G} by removing the branch for

a1 along with the subtree underneath this branch.

We can assume, therefore, that the modified payoff matrix does not contain a
saddle point. Adding a different constant to each row of a 2 x 2 matrix does not
change the optimal mixed strategy as long as no saddle point is created or eliminated.
Since there is no saddle point in either the original matrix or the modified matrix,
the optimal mixed strategy must be the same for both matrices. Since Sk and ok
are optimal, at every fork, ox must assign probability p to the branch labeled a; and

1 — p the branch labeled as. |
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Proposition 4.4 implies that in a 2 x 2 game, Player 1, playing optimally, re-
ceives an expected payoff of V((7) at each stage corresponding to a fork and receives
max min r(ay, az) at every other stage. The value of the repeated game in this case

a1€A; az€A
1s:

V(G%) = max min r(a,az2) + M <V(G) — max min r(al,ag)) (4.1)

a1€A1 az€A N a1€A1 az€A
where F(K,p) is the maximum expected number of forks in a tree with K leaves in
which every fork has two branches assigned probabilities according to the stage game

optimal mixed strategy (p,1 — p).

Thus, for 2 x 2 games, we can compute Sk and ox by creating a tree with the
maximum expected number of forks given that the actions at each fork are chosen
according to (p,1 — p) and that no fork occurs at a depth > N. This is easily done
by starting with one leaf assigned probability 1 and repeatedly expanding the most
probable leaf having depth < N according to (p,1 — p) until we have K leaves. The
resulting tree represents an optimal set for G¥ and the probabilities assigned to the

leaves is the associated optimal mixed strategy.

An O(K) time algorithm to compute this tree is given in Algorithm 4.1. We need
to keep track of the nodes that are currently leaves and expand the most probable of
these nodes during each of the K — 1 iterations. We use two separate lists to keep
track of the leaves. LeftProb for leaves that are the left children of their parents
and Right Prob for leaves that are the right children of their parents. During each
iteration, the first elements of each of the lists are compared. The most probable
of these is removed from its corresponding list, its left child is added to the end of
Le ft Prob and its right child is added to the end of RightProb. Since the algorithm

uses O(1) time in each of the K — 1 iterations, the total running time is O(K).

By keeping a separate list for left and right children, the lists remain ordered when
a new element is appended. If we used only one list then new elements would have to
be inserted into the middle of the list to maintain the order. Using insertion to add
new elements would adversely affect the asymptotic running time of the algorithm.

To see that the lists remain ordered when new elements are appended, note that if
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Algorithm 4.1: ComputeOptimal(VN, K, p).

/* || denotes string or list concatenation depending on the context. */

/* z[i, .., j] denotes the substring of string = from the i-th through the j-th character. */

/* [] denotes the empty list. */

1.

e e S S
= W N = O

15.

© 0w 1 o ot W N

LeftProb[1] — p; LeftString[1] — L ; LeftDepth[1] — 1
RightProb[1] — 1 — p; RightString[1] — R ; RightDepth[1] — 1
Firstl, — 1; FirstR — 1; Last — 1; NumLeaves — 2; § — [|; 0 — []
while NumLeaves < K do
if LeftProb[FirstL] > Right[FirstR)]
EzxzpandNode(LeftProb[FirstL], Le ftString[FirstL], Le ft Depth[FirstL], 1)
Fairstl — Fairstl + 1
else
ExzpandN ode( Right Prob[FirstR], RightString[FirstR], Right Depth[FirstR], )
FirstR — FirstR + 1
NumllLeaves — Numleaves + 1
end while
S — 8 || LeftString[FirstL,..., Last] || RightString[FirstR,..., Last]
o —o || LeftProb[FirstL,..., Last] || RightProb[FirstR,..., Last]
Return(S,0)

ExpandNode( Prob, String, Depth, 1)

16.
17.
18.

19.
20.

21.
22.
23.
24.
25.
26.
27.

if Depth = N — 1
S — S || [String || L] || [String || R]
o—o || [p*Prob] || [(1-p)* Prob]

else

Last — Last + 1

LeftProb[Last] — p* Prob
LeftString[Last] — String || L
LeftDepth|Last] — Depth 4+ 1
RightString[Last] — String || R

Right Prob[Last] — (1 — p) * Prob[FirstL]
RightDepth[Last] — Depth + 1

Return.
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p; appears before p; in the Le ft Prob list then the parent of p; was expanded before
the parent of p;. But then the probability of p;’s parent is at least as high as the
probability of p;’s parent. Since the probability of any left child is just p multiplied by
the probability of its parent, p; > p;. A similar argument holds for the Right Prob list.

Therefore, each of the two lists remains ordered in decreasing order of probability.

m X n games

As the following example shows, when the stage game is not 2 x 2, the probability
vectors used on the forks in the simple tree representation of an optimal set are not
always optimal mixed strategies for the stage game and different probability vectors

may be required on different forks.

09
Example 4.5 Consider a stage game with payoff matriz | 6 5 |. The optimal
5 6

mized strategy is (0,1/2,1/2) which results in an expected payoff of 5.5. A non-
optimal mized strategy, (1/10,9/10,0) results in an expected payoff of 5.4. For K =3
and N = 2, Figure 4.5 shows that these payoffs are close enough to make it beneficial
to construct the tree with (1/10,9/10,0) at the root rather than (0,1/2,1/2). In this
case, it is better for Player 1 to give his opponent more information about his current
action in order to achieve an expected increase in the uncertainty about his future

actions.

Of course, since Player 1 can guarantee V() at every fork by using a stage game

optimal mixed strategy at each fork, we have

F(K
V(G%) > arfle% 3222 r(ay,az) + % <V(G) — gleaji ,géii r(al,ag)) (4.2)

where F(K,p) is the maximum expected number of forks in a tree with K leaves
in which the branches at every fork are assigned probabilities according to the stage

game optimal mixed strategy p.
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Figure 4.5: An example of an optimal tree that does not use the optimal mixed
strategy at every fork. The tree on the left achieves a total expected payoff of 5.4 +
9(5.5) 4+ .1(5) = 10.85 while the tree on the right achieves a total expected payoff of
5.5+ .5(5.5) +.5(5) = 10.75. The numbers on the nodes indicate the expected payoff

received at the stage when the node is reached.
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For games which are not 2 x 2, we can compute Sk and ox using a bottom up
dynamic programming algorithm in O(N K 411#1) time. The remainder of this section
describes this algorithm. Readers not interested in the details may wish to skip to

the next section.

If Player 1 has K strategies allocated to some subtree then, at the root of this
subtree, he must decide how many branches to include, what actions and probabilities
to assign to those branches, and how many of the K strategies to allocate to the
subtrees under each branch. Let m = |A;]| and n = |As|. Let |4 be the stage game
(G with Player 1 restricted to actions A = {ay,...,a;}. Then,

VK > 1,V(Gy) = max {V(Ga) 1 |A] £ K} (4.3)
VYN > 1, V(G{V) = (2162% ag%ifi r(ay,az) (4.4)
Let (k1,...,kn) be a vector of non-negative integers such that ZkZ = K. Let
=1
G¥(k1,..., kn) be the game defined by:
N+ (N =DV(GET)) o jlra + (N = DV(GET)
: : : (4.5)
N (rm (N =DV(GET) oo 3Py + (N = DV(GET)

For each N > 2 and each K > 2,

V(G%) = maX{V (G%(kl,...,km)) tk; >0,1 <7<mand ZkZ = K} (4.6)
=1

If there are N stages remaining and K strategies allocated to a fork and if (ky, ..., k)

is the vector that maximizes Equation 4.6 then

(i) the fork should have s branches where s is the number of non-zero elements

n (k‘l,...,km)

(ii) the probabilities and actions should be assigned to the branches according

to any optimal mixed strategy for GX (ki,..., k)

(iii) the number of strategies should be allocated to the subtree under each

branch according to (ki,...,kn).
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V(G¥) can be computed in O(N K™+ mn?) time since there are NK such values to
compute, we can solve each game defined by the matrix above using linear program-
ming techniques in O(mn?) time (see Papadimitriou and Stieglitz, 1982), and there
are O(K™) vectors (ki,..., k) to consider. For fixed m and n, therefore, we can

compute Sk and ox in O(NK™) time.

4.3 Executing the optimal strategies

In the previous section, we considered the problem of finding an optimal set of pure
strategies. In this section, we address the problem of executing the strategies in
an optimal set. Recalling our discussion from the introduction, we would like to
determine the amount of memory needed to execute these strategies using only a
constant amount of time at each stage. Imagine a scenario of the following form.
Given an optimal set Sk of size K and an associated optimal mixed strategy ox, a
mixing machine chooses a pure strategy from Sk according to ox. It then passes a
description of this strategy to a game playing machine which executes the strategy.
We say a game playing machine efficiently executes a pure strategy if the amount
of time used at each stage and the total amount of memory used during the entire
game beyond the memory needed to store the strategy’s description are independent

of both the length of the game and the number of strategies available to the player.

Since we have K pure strategies to describe, we can assign each a unique number
between 0 and K — 1. This encoding requires log, K bits which is the minimum
number of bits needed to describe K objects. However, at each stage, our game
playing machine would require more than a constant amount of time to decode the

description and determine the action to be taken.

Since the strategies in S are oblivious, we can always describe a strategy literally
by listing the actions it prescribes at each stage. In that case, our game playing
machine does nothing more than read the next action from the description and play

it. Since log, (|A1]) bits are required to describe a single action, Lemma 4.6 implies
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(logy [ A1 ])(logy K)

Nog, 7 | where p is the

that the length of this description is no more than |
largest probability assigned to any branch in the tree.

Lemma 4.6 The maximum depth of any leaf in the tree representation of Sk is

S ( log, K

s H where p is the largest probability assigned to any branch. Lel q; be the
082

smallest probability used al fork i and let ¢ = max{q; : ¢ is a fork}. The minimum

depth of any leaf in the tree is < (_longngﬂ‘
Tlog,

Proof. Whenever a node has probability < %, it must be a leaf. Let x be the

depth of any node. The probability of reaching that node is < p”. If x > —lﬁzlg, then

log, I&"-‘
log,p !*

p* < % so this node must be a leaf. The maximum depth is therefore < [—

Assume that the actions are assigned to the branches at each fork so that the
rightmost branch has the lowest probability. Then the rightmost path in the tree

has the smallest depth. Let y be the depth of a node on the rightmost path. The

probability of that node is < ¢v. If y > —%, then ¢¥ < 1/K so this node must be

_log, I&"-‘ ) I

a leaf. Therefore, the minimum depth is < [—3 o
082

Since p is independent of K and N, the description length required by our
game playing machine is a constant factor times the minimum. However, since
1

lim ———— = oo, as p gets close to 1, the constant becomes very large although
P Tlog, p

it is relatively small even for p as large as 0.9 (Figure 4.6).

We see, then, that there is tradeoff between the amount of space needed to describe
the strategies and the amount of time taken at each stage to decode the description.

We expect there to be encodings for Si that require description lengths somewhere

(log, |41 ])(log, K)
—log, P

between log, K and | | such that the strategies can be efficiently exe-
cuted. For example, Proposition 4.7 shows that, when |A;| = 2, we can get reasonably
close to the minimum description length regardless of the magnitude of the probabil-
ities. It remains to be seen whether a general encoding scheme exists for games with

|A1] > 2 such that the description length does not depend on p and yet the action to

be taken can be determined in a constant amount of time at each stage.
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Figure 4.6: A graph of —@ Even for p as large as 0.9 the function is below 10.
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Proposition 4.7 If|A:| = 2 then, for sufficiently large K, we can encode the optimal
set of size K using at most 5.41log, K + 2 bits. Furthermore, there is a game playing
machine that, given a description of a pure strateqy under this encoding scheme, can

efficiently execute the strategy.

Proof. We can encode a strategy from Sk by specifying in binary the number of L’s
played before the next R. For example, the description of strategy
LLLLLLLRRLR would be < 111 >< 000 >< 001 >. However, to ensure that

the description can be decoded in constant time, the length of each segment of the

log, (1—p)
log, p

encoding must be constant. Let d = | | + 1 where (p,1 — p) is the optimal
mixed strategy for the stage game. (If there is more than one strategy to consider
at each fork, let (p,1 — p) be the one that is most skewed.) d — 1 is the maximum
number of times that the tree can be expanded to the left before having to expand a

node to the right. We will encode the number of L’s, up to d, before the next R (See
Figure 4.7).

4/9 2/9

8127 4127

Figure 4.7: The tree representation of S3 when (p,1 —p) = (2/3,1/3). The labels on
the nodes indicate the probability of reaching the node. Since 8/27 < 1/3, the next
leaf to expand is the right child of the root. Here d = 3, so the description of strategy
LLLLLLLRRLR would be < 11 >< 11 >< 01 >< 00 >< 01 >.
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We need [log, (d)| < log, (d) + 1 bits to encode d L’s. By Lemma 4.6 there are

log, K
—logy p

log, K

mw right moves in any path. In the

at most | | left moves and at most |
worst case, each right move will be encoded using log,(d) 4+ 1 bits while every d left
moves will be encoded using log,(d) + 1 bits. Assume K > d. Then the length of the

description in the worst case is bounded above by

o) +1) 11 4 (o) (4.7)
< (logy(d) +1) (—dlffgj;) -t p)) +2(logy(d) + 1) (45)
T R

(((logz(d) +1) <_dlog12(p) - 10&& _p))) + 2) (log, K) +2 (4.10)

1

; . It can be
—logy p

Figure 4.8 shows a graph of the minimum of this coefficient and

seen from the figure that this minimum value is at most 5.4. |

PREE NNND W00 ARRS 00
RNAOONNPODENBPDANDDD NS

Figure 4.8: A graph of min(m, ((logy(d) + 1)((—d10g12(p)) - 10g2(11_p))) +2).
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Combining these results with the results of the previous section we see that, for
2 x 2 games, Player 1 needs O(K) time to produce an optimal set and then O(log, K)
space to execute the strategies from this set using only a constant amount of time at
each stage. In the general case, Player 1 still needs only O(log, K') space for execution
but the constant hidden in the O(.) notation may be quite large depending on the
probabilities assigned to the forks. Player 1 may need to use a rather time consuming
dynamic programming algorithm to produce an optimal set for games which are not
2 x 2. However, in Section 4.5, we provide an algorithm to produce an approximately

optimal set in O(K) time. First we need to develop upper and lower bounds on

V(GY).

4.4 Bounding the Value of the Game

In this section, we develop upper and lower bounds on V(GY) based on an analysis

logy K
log, |41]?

of the simple tree representation of Sg. When N < Player 1 can create
a complete tree of depth N having K leaves where each fork in the tree has |A;]|
branches. By assigning probabilities to each fork according to a stage game optimal
mixed strategy, Player 1 can achieve an average expected payoff equal to V() which
is the value of the repeated game in this case. Our work is focused on understanding
the other extreme where N is so large compared to K that Player 1 can create an
optimal tree with K leaves without any fork in the tree occurring at a depth greater
than or equal to N. The value of the game in the intermediate case will obviously
fall somewhere in between the values in the two extreme cases. The upper bound
that we present is independent of the relationship between N and K while the lower

bound requires N to be large enough that we do not need to be concerned with forks

occurring beyond the end of the game.

Our analysis makes use of the entropy function which measures the uniformity of
a probability vector. (See Cover and Thomas (1991) for details on the properties of
entropy.)
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Definition 4.8 The entropy of a probability vector (p1,pa, ..., pm) is defined to be

H(p1,p2s s pm) = _ZpilogQPi (4.11)

=1

As indicated by Equation’s 4.1 and 4.2, V(G¥) is closely related to the expected
number of forks in the simple tree representation of Sg. By developing bounds on the
expected number of forks we can develop bounds on V(G ). Proposition 4.9 and its
corollaries demonstrate how the expected number of forks is related to the entropy
of the probability vector used at each fork and the entropy of the corresponding

probability distribution over the leaves.

Proposition 4.9 Suppose we have a tree with t > 1 forks. Lel p' be the probability
vector over the leaves in this tree. Let {p',...,p™} be the set of probabilily vectors
used al each of the t forks. Let x* be the expected number of forks that use probability

vector p', 1 <1 < m. Then,
H(pt) = $1H(p1)+...+:1;mH(pm) (4.12)
Proof.  The proof follows by induction on the number of forks t.

Basis: t =1

Let p’ be the probability vector over the branches at the root which is the only
fork. Then H(p') = H(p’) = H(p’ )z’ = Z:L’iH(pi) since 27 = 1 and z° = 0, # j.
=1

Induction Hypothesis: Assume, for some ¢ > 1, all trees with ¢ forks have the
property that H(p") = 2'H(p") + ...+ 2™ H(p™).

Suppose we have a tree with ¢ + 1 forks. Number the forks in order from top to
bottom and left to right. Let b; be the probability of the ¢-th fork, 1 < < ¢+ 1.
By removing the last fork, numbered ¢ + 1, we have a new tree with ¢ forks and b;44
as the probability of one of its leaves. Let p' = (¢1,...,q = biy1) be the probability
vector over the leaves in this tree. Let p/ = (p{, ...,p2) be the probability vector

used to expand the fork numbered ¢ 4+ 1. Then p't' = (¢1,..., q_1, b, ... P2 bitr)
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must be the probability vector over the leaves in the tree with ¢ + 1 forks. Thus,

n 4 -1
H(p™) = =3 plbeerlogy(plbie) = 3 g5 1085(4;) (4.13)

=1 J=1
= —byr Y pllogy(p!) — beyrlogy(ber) — D gilogy(q;)  (4.14)

=1 7=1
= b H(p') + H(p'). (4.15)
Then by the induction hypothesis,

H(p™") = buaH(p) + 2l H(p') + . 42 Hp™). (4.16)

where z! is the expected number of forks using p’ in the tree with ¢ forks, 1 <7 < m.
Since a:{+1 = 2] 4 byyy and xiy = ai for all i # 7, H(p'*') = ajH(p') + ... +
x}i  H(p™). Thus the proposition is true for all ¢ > 1. |

Corollary 4.10 Let f(t) be the expected number of forks in a lree with t forks. Let p'

be the probability vector over the leaves in this tree. Let W be the set of all probability

vectors used on the branches of the t forks. Let H = m%XH(p) and h = miq{lH(p).
j4S j4S

Then,

H(p') H(p')
- 1) < — 4.17
5o sl == (4.17)
Proof. Using the notation from Proposition 4.9 we have f(¢) = ' + ... + 2™
and H(p'") = Zx’H(pZ) Since H(p') > h, for 1 < i < m, we have H(p") > /Azzz:’
i=1 i=1

Therefore, f(t) < %ﬁt). The left hand inequality follows by a similar argument. |

Corollary 4.11 If a tree has t forks and each of the forks has m branches assigned

probabilities py, ..., pn, then

H(p")
H(pi,...,pm)

where p' is the probability vector over the leaves.

f(t) = (4.18)
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4.4.1 Upper Bound

We are now in position to develop an upper bound on V(G¥).

Theorem 4.12 For each N > 1, let o be the optimal mixed strateqy associated with
the optimal set Sk for GR. If G is 2 x 2,

. H(O‘]{) .
V(GR) = max min r(ay, az) + H(p)N (V(G) — max min r(al,a2)> (4.19)

where p is Player 1’s stage game optimal mized strategy.

If G ism xn, form andn > 2,

. H(UK) .
V(G%) < max min r(ay,az) + N <V(G) — max min T’(Cll,(lg)) (4.20)

) log, K )
< max min r(ay,az) + igzj\f (V(G) — max min r(al,a2)> (4.21)

where b is as defined in Corollary 4.10.

Proof. According to Proposition 4.4, when (G is 2 x 2, the branches at each fork
will be assigned probabilities according to the stage game optimal mixed strategy
(p,1 — p). In this case, Corollary 4.11 implies Equation 4.19 since Player 1 receives
an expected payoff equal to V(@) at every fork.

In the m x n case, at every fork Player 1 receives an expected payoff not exceeding

V(@) so, by Corollary 4.10,

V(GY) < max min r(ay,as) + H;j\f) <V(G) — max min r(al,ag)) (4.22)

T a1€A1 ax€A a1 €A1 az€A2

We know from information theory (see Cover and Thomas, 1991) that H(og) <

log, K, so Equation 4.21 follows from Equation 4.20. |

Neyman and Okada (1999) also used a version of entropy to bound the value
of repeated games in which one of the players is computationally restricted. They
defined an extension to entropy called strategic entropy and use it to prove their

results regarding repeated games with finite automata.
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Definition 4.13 (Neyman and Okada, 1999) The strategic entropy, Hx (o), of a
mixed strateqy o for Player 1 after N stages is defined by:
Hy(o) = max {— > Py(w)log, Pmt(w)} (4.23)
WEQN 41
where T is the set of pure strategies available to Player 2, Qn denotes the sel of
possible histories of length N — 1 and P,(w) is the probability of history w given that

Players 1 and 2 use strategies o and t respectively.

Neyman and Okada (1999) show that if the strategic entropy of Player 1’s mixed
strategy is bounded by a function which is o( V), then the value of the repeated game

converges to Player 1’s stage game maxmin value as N approaches infinity.

Since the strategies over which ok is defined are oblivious, H(ox) = Hx(ok).
Thus, Equation 4.20 implies a direct relationship between strategic entropy and the
value of the repeated game when Player 1 is restricted to mixing over a finite number
of pure strategies and shows that strategic entropy arises naturally in the analysis of

repeated games with finite strategy sets.

No matter what computational model one chooses, bounding a player’s available
resources restricts him to a finite number of pure strategies. Therefore, regardless of
the model chosen, if K is the number of strategies that satisfy the resource bounds
for that particular model, Equation 4.21 gives an upper bound on the value of the
game. For example, if we choose the finite automaton as our computational model and
restrict Player 1 to automata of size m(N) then we have K < |A; [Ny ( N)lAzim(V),
Equation 4.21 then implies

m(n)(|Az|log, m(N) + log, [Ai])
hN

' 4.24
e oy, (e ) .

V(GR) <

(V(G) — max min r(al,ag))

a1 €A az€A>

which leads to an alternative proof of Neyman and Okada’s result regarding finite

automata (i.e. if m(N)log,(m(N)) = o(N) then Nlim V(G%) = Imax Héi} r(as,as)).

In general, if we let K () be the number of pure strategies available to Player 1

and consider the value of the repeated game as IV goes to infinity, we have the following
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result:

logy K (N
Proposition 4.14 f lim 222X (V)

N—co

=0 then lim V(G%) = max min r(aq, as)
N—oo a1€EA] as €Ay

Proof.  This follows immediately from Equation 4.21. It is also implied by the
strategic entropy theorem in Neyman and Okada (1999). |

4.4.2 Lower Bound

Suppose Player 1 creates a tree using the same stage game optimal mixed strategy
p at each fork. Corollary 4.11 indicates that we can find a lower bound for V(GY)
by finding a lower bound for the entropy over the leaves in this tree. As we saw
in Section 4.2, Player 1 can create this tree starting with one node and repeatedly
expanding the most probable leaf using probability distribution p for each expansion.
In this process, each successive probability vector over the leaves should be more
uniform than its predecessor since the largest probability is being split up into multiple
elements with smaller probabilities. Intuitively, one would expect the entropy of this
vector to be moving toward log, K or at least not moving away from it. In fact, as
the following lemma shows, the difference between log, K and the entropy over the
leaves is bounded above by a constant which of course depends on the probability

vector used to expand each node.

Lemma 4.15 Let (p1,...,pm) be any probability vector such that p; > piyq for 1 <
1 < m— 1. By starting with the root and repeatedly expanding the most probable leaf,
create a tree with K leaves in which each fork has m branches assigned probabilities

PlyeeesPm. Let g, ..., qx be the probability vector over the leaves in this tree. Then

H(q,...,qx) > logy K + 1og, pp, (4.25)

Proof. Let y be the probability of the last node that was expanded. Suppose p,,y > ¢;
for some 7,1 <1 < K. Let z be the probability of leaf ¢’s parent. Then ¢; > p,,z so

y > z. But then the node with probability y should have been expanded before the
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node with probability z contradicting the assumption that y is the probability of the
last node that was expanded. Thus p,,y is the probability of the least probable leaf

and is therefore < %

Let x = 1I<ni}X g;. Since a node with probability y was expanded and there is a leaf

with probability z, x < y. Therefore, pp,z < pry < . Sofor 1 <7 < K,¢; < lK

which implies —log, ¢; > log, K 4 log, py. Consequently,

H(qh R (IK) - Z QZ 10%2 Q’z (426)
K

> > gi(logy K + log, ) (4.27)
=1

= log, K + logy pim (4.28)

|

Lemma 4.15 implies the following lower bound on V(G¥):

Theorem 4.16 Lel (p1,...,pn) be any optimal mized strategy for G and assume
pi > pir1 for 1 <o < m —1. Let ¢ > 0 be the smallest integer such that K —c¢ =
t(m—1) 41 for some integer t > 0. If N > (ww then

logy p1

log, (K — ¢) + logy pm,
N 2 2 .
VER 2 PN (VO ~ e o)
+ max min r(ay,as) (4.29)

a1€A; az€A;

Proof. By Lemma 4.6, if N > (%W then the tree with the maximum expected
number of forks given that (pi,...,pn) is assigned to every fork contains no leaf at
a depth > N. Hence, Equation 4.29 is an immediate consequence of Lemma 4.15.

(The parameter ¢ is needed since it may not be possible to create a tree with K leaves

having m branches at each fork.) |

This lower bound also gives us a lower bound for games where one player’s strategic
entropy is limited rather than the size of his set of pure strategies. Let GnN be the
N-stage repetition of G when Player 1 is limited to mixed strategies with entropy at

most 1. Since this set of mixed strategies may not be convex the game may not have a
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value as defined by the Minimax Theorem. Let W(G;V) = max min F,[r(a,as)]
UEAn(Al) QQEAQ

where A, (A1) is the set of mixed strategies over A; with entropy at most 5. This is

Player 1’s maxmin value in mixed strategies with entropy at most 7.

Proposition 4.17 Letp = (p1,...,pm) be any optimal mized strategy for G. Assume
pi > piy1 Jor 1 <i < m—1. Let n be the bound on strategic entropy. Let K = [2"].
Let ¢ > 0 be the smallest integer such that K —c¢ = t(m — 1) + 1 for some integer
t>0. IfN > (MW then

—log, p1

W(G;V) > max agréii r(ay,az) (4.30)
(logy (K — ¢) +1ogy pm ) (V(G) — max min r(aq,as))

a1€EA1 az €A,
n 4.31
HpN 430

Proof. Since K = |27], H(ok) < log, K < 5. In other words, the entropy of the
optimal mixed strategy ox corresponding to an optimal set of size K is below the

strategic entropy bound. Theorem 4.16, therefore, also provides a lower bound on

W(GN). 1

Neyman and Okada (2000) provide upper and lower bounds on W(G;V) which have a
very different form than Equation 4.31. Whether relating these bounds can provide

any additional insights is an open question.

While the upper bounds given in Theorem 4.12 hold with K equal to the number
of strategies which can be implemented within Player 1’s computational constraints,
this is not true of the lower bound given in Theorem 4.16. For example, let S7 be
the set of pure strategies used in the proof of Lemma 4.15 and suppose Player 1 is
restricted to finite automata of size log, K. Player 1 can certainly implement more
than K strategies but he cannot implement all the strategies in S unless p; < 1/2.
However, if K’ is the largest integer such that Player 1 can implement all the strategies
in S7, given his resource bounds, then the lower bound holds with K = K’. Again
returning to the finite automaton example, if Player 1 is allowed to use automata
with at least (_logiﬂ;ij states then he can implement all the strategies in S7 and

log,

Equation 4.29 provides a lower bound on the value of the repeated game.
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Evaluating our lower bound in the limit where K is a function of N we have the

following proposition:

Proposition 4.18 Let (p1,...,pm) be any optimal mized strategy for G and assume

log, K (N log, K (N

pi 2> pip1 for 1 <o <m—1. [fNZ(M and limo&i‘():lforsome
— 10g2 P1 N—oo N

constant [ > 0 then

. [ .
Jm V(ER) 2 o (V@) ~ mag mip r(er.))
+ max min r(ay, az) (4.32)
Proof. This follows immediately from Theorem 4.16. |

It is tempting to conclude from Proposition 4.18 that if [ > H(p1,...,pm) then
Nlim V(GR) = V(G). However, the restriction that N > [M1 implies that

—logy p1
—logypr > 1. But —logyp1 < H(p1,...,pm) for (1/m) < p1 < 1 with equality
holding only when p; = (1/m) or py = 1. These two cases are already trivial. To

determine when V(&) converges to V(GY), further work needs to be done on the case

log, K log, K
, _logy
where Tog AT < N < [—longJ‘

Another implication of Theorem 4.16 is that an approximately optimal tree can
be created by starting at the top and repeatedly allocating the strategies to each
subtree according to ([pK], [(1 —p)K]) when (p,1 — p) is an optimal mixed strategy
for Player 1 in the stage game. The following proposition shows that this provides a
total payoff that is within an additive constant of the optimal:

Proposition 4.19 Let (p,1—p) be an optimal mized strategy for Player 1 in G. Cre-
ate a tree by allocating [pK'| strategies to the left subtree and |(1 —p)K | strategies to
the right subtree and then build these subtrees using Algorithm 4.1. If N > [%W

and K 1is sufficiently large, the resulting tree achieves a total expected payoff that is

within an additive constant of the optimal.

Proof. Choose ¢ > 0 such that 2%5 > 1—p. Let Ky be large enough that |(1—p)Ko| >

% and let K be greater than Kj. Let 4 be the mixed strategy created as described
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by allocating [pK| leaves under the left branch and [(1 — p)K|) under the right
branch and then building the left and right subtrees according to Algorithm 4.1. By
Corollary 4.11,

H(y)  H(opx) o
H(p) ~— "TH(p) =)

By Theorem 4.16 we have,

H(o|(1-p)K))
Hip) +1 (4.33)

H(y) = pH(opky) + (1= p)H(o1-pk)) + H(p)

p (logy([pKT) + logy(1 — p))

+(1 = p) (log,([(1 = p) K]) + logy(1 — p)) + H(p) (4.34)
plogy(pK) + plog,(1 — p)

+(1=p) 10g2(2[—jr6) + (1 = p)logy(1 —p) + H(p)

= plog,(p) + plog, K + plogy(1 — p) + (1 —p)log, K

+(1 = p)logs () + (1 = p)logal1 = p) + H(p)

v

v

e

i 1
= log, K + (1 — p)log, Q——I—e + plog,(1 —p)
> logy K + (1 — p)logy(1 — p) + plog,(1 — p)

= log, K + log,(1 — p) (4.35)

Therefore, for all K > K allocating [pK'| strategies to the left subtree and |(1—p)K |
strategies to the right subtree creates a tree with an expected number of forks >

W which is within an additive constant of optimal. |

Since the lower bound on the expected number of forks implied by Equation 4.35
is the same as the lower bound from Theorem 4.16 used to obtain Equation 4.34,
a simple induction on K shows that the lower bound holds for any tree created by
repeatedly allocating [pK'| strategies to the left subtree and |[(1 — p)K | strategies
to the right subtree until the number of strategies in the subtree is smaller than Kj.
Once the number of strategies is less than Ky, Algorithm 4.1 can be used to build

the subtree.
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4.5 Approximating the Optimal Set

In Section 4.2, we showed that, when  is not 2 x 2, the optimal mixed strategy does
not necessarily assign the same probability vector to every fork. In this section, we
investigate how well Player 1 can do when he restricts himself to mixed strategies
that do assign the same probability vector to every fork. In particular, we show that
Player 1 can achieve a total expected payoff that is within an additive constant of the
optimal total expected payoff for G¥. Once Player 1 determines which one probability
vector is best to use, he can compute his set in O(K) time using Algorithm 4.1
generalized to handle forks with more than two branches'. We show that Player 1
can find an appropriate probability vector in time which is independent of K and N

and, therefore, can produce an approximately optimal set in O(K) time.

In choosing a probability vector for a fork, Player 1 must consider both how the
probability vector affects the expected payoff at that fork and how it affects the
expected number of forks below that fork. We define the gain of a mixed strategy
p as the expected amount above the pure maxmin payoff that the player receives by
playing mixed strategy p in the one-stage game. Intuitively, it represents the effect

that assigning p to a fork has on the expected payoff at that fork.

Definition 4.20 The gain, g(p), of a mized strategy p for Player 1 in a I-stage
game G is defined by:

g(p) = (ggz Z p(al)r(al,az)) — max min r(ay,as)

a1 €4 a1€A1 az€A2

Similarly, the gain of a mized strateqy o for Player 1 in an N-stage game G~ is
defined by:

N(a) = ( min F.., [i r(a?,ag)]) — N max min (a1, as)

TEA(T) el a1€A1 a2€A

We can generalize the algorithm to the case where there are m > 2 branches at each fork by

using m lists to keep track of the leaves.
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We also need a way to measure the effect that assigning p to a fork has on the
expected number of forks below that fork. Note that the expected number of forks in
a subtree is the expected number of remaining stages in which Player 2 is uncertain
about which pure strategy Player 1 is playing. Therefore, the less the expected num-
ber of forks below a fork, the more information Player 1’s action at that fork reveals.
Taking an information theoretic view of entropy, we can think of H(p) as representing
the average number of bits of information revealed by a single sample drawn accord-
ing to probability vector p. Loosely equating these two notions of information, we

compare mixed strategies based on their “gain per bit”, %.

~

We have the following upper and lower bounds on the total expected payoff that

Player 1 can achieve by using probability vector p at every fork:

Lemma 4.21 Suppose Player 1 uses Algorithm /.1 lo create a mized strategqy of
with probability vector p = (p1,...,pm) assigned to every fork. Assume p; > p;y1 for
1 <i<m—1. Let ¢ > 0 be the smallest integer such that K —c=1(m — 1)+ 1 for

some integer t > 0. Then,

N P g(p) -
g (o) < log, K 4.36
and if N > [%W then
g\p -
" (0k) = 1 (g, (K = ) + o, ) (4.37

Proof. At each fork the gain achieved is g(p) and at every non-fork the gain is 0.
The lemma then follows from the same arguments used to prove Theorems 4.12 and

4.16. |

Using these bounds we obtain the following result:

Theorem 4.22 By using the same probability vector at every fork, Player 1 can
achieve a total expected payoff in G- which is al most an additive constant below the

optimal total expected payoff assuming N is sufficiently large with respect to K.
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Proof. Let {p',...,p'} be the set of probability vectors used on the forks in the

simple tree representation of some optimal set Sx. Assume the p' are ordered in

decreasing order of their gain per bit, i.e %%% > % for 1 < < [. The expected

number of forks in this tree is z! + ...+ z! where z‘ is the expected number of forks
which use probability vector p*, 1 < i < . If ox is the optimal mixed strategy
associated with Sk then the optimal gain is ¢" (ox) = z'g(p') + ... + 2'g(p'). From

Proposition 4.9 we know
' H(p" )+ ...+ :CZH(pZ) = H(og) <log, K

which implies

> logo K — 2?H(p*) — ... — 2'H(p")
T
N H(p")

This leads to the following bound on the optimal gain:

Mow) < AP tog, Kk + 30 (a0) - 0L HG) a3

Since g(p') < %%H(pi) for all 7,2 <1 <[, we have

9(p")
H(p")

gN(aK) < log, K (4.39)

Let O'%} be the mixed strategy created by repeatedly expanding the most probable
leaf according to probability vector p'. By Lemma 4.21, assuming N is sufficiently

large with respect to K,

N, _pt g(p") . g(p") I
g (O-K) > H(pl) 10g2 ([X - C) + H(pl) 10g2 Ps (440)
g9(p") 9!
) 8P T ()

> g"(ok)+ (4.41)

where p! is the smallest of the s elements in the support of p', 0 < ¢ < s —1 is the
smallest integer such that K — ¢ — 1 is a multiple of s — 1 and we assume ¢ < %

Since gN(U%}) is within an additive constant of the optimal gain, the total expected

payoff achieved by O'%} is within an additive constant of the optimal total expected

payoff. |
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Let Sk be an optimal set for G% and let P(Sk) be the set of probability vectors
assigned by the associated optimal mixed strategy to the forks in the simple tree
representation of Sk. Since we have an O(K) time algorithm to generate the tree
with the maximum expected number of forks when we use the same probability vector
at every fork, Theorem 4.22 implies that we can compute an approximately optimal
set using O(K) time plus the time needed to find the probability vector with the
maximum gain per bit in P(Sk). By using the results of Shapley and Snow (1950), we
can compute a set P* in time which is independent of K and N such that P* 2> P(Sk)
for some optimal set Sk. By applying Algorithm 4.1 to the element of P* with the
maximum gain per bit, we have an O(K') time algorithm which generates a set S}
and a corresponding mixed strategy o such that the total expected payoff achieved

by o} is within an additive constant of the optimal.

Definition 4.23 (Shapley and Snow, 1950) Let X and Y be the sets of optimal
mized strategies for Players 1 and 2 respectively in a game G. Let X* and Y™ be the
smallest sets whose convex hulls are X and Y respectively. A pair (z,y) is called a
solution of G if x € X andy € Y. A pair (x,y) is called a basic solution of G if
x € X andy € Y™,

Proposition 4.24 (Shapley and Snow, 1950) A necessary and sufficient condition
that a solution (x,y) of G be basic is that there exists a square sub-matriz M of G

such that
T = % (4.42)
y % (4.43)
V(@) = % (4.44)

where 1 is the appropriately sized column vector consisting entirely of 1°s and the

condition is considered not to hold when the right hand terms are indeterminate.

Definition 4.25 if + € X*, where X* is as defined in Definition 4.23, then z is

called a basic mixed strategy for Player 1.
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Definition 4.26 The set of potentially basic mixed strategies for Player 1 is the

o
17(ad] a) for some square sub-matrix

* . " . T _
set, P*, of mized strategies, =, such that x* = (ad] )1

M of G.

To show that there is an optimal set Sk which uses only mixed strategies from

P~* on its forks, we need the following property of the adjoint of a matrix:

Lemma 4.27 Lel A be a square matriz and let A’ be created from A by adding a

different constant to each row i.e.

a1 ... dip
A=
adp1 .. dpp
apn+ce ... At o
Al =
anl—l'cn ann—l'cn

Then 1Tadj A =17adj A’

Proof. Tt suffices to show that 17adj A = 17adj A’ when only one of the ¢’s say
¢; is nonzero for some [, 1 <1 < n. Let A(j|7) be the matrix formed by removing row

J and column ¢ from A. We need to show

ﬁ:(—miﬂ‘ det A(ji) = i(—wﬂ' det A'(j]7) (4.45)

for every 5,1 < 5 < n.

When j = [, Equation 4.45 holds since A(!]z) is identical to A’({]¢) for all 7,1 <
© < n. By the linearity of the determinant (see Hoffman and Kunze, 1971, p. 142),
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det A'(j|0) = det A(j|¢) + det B(j]¢) where

a1 e a1p
ag-n1r --- A-1)n
B=| o .. « (446)
a4y - G41)n
(%] e App

We need to show zn:(—l)iﬂ det B(j|i) = 0 for j # 1. Let B;, = (=1)"**det B(j|k).
We know b;; 31 —I—Z:1 + binfjn = 0 for each ¢ and j such that 1 < 75 # ¢ < n (see
Agnew and Knapp, 1983, Theorem 8, p. 111). In particular, since by, = ¢ for each
k,1 <k <n, we have 8j; + ...+ 3, = 0,1 < j # [ < n which implies Equation 4.45

for every 7,1 < j # [ < n. Therefore, 1Tadj A = 1Tadj A’ |

Theorem 4.28 The set of potentially basic mized strategies for Player 1 in G con-
tains the set of mized strategies used on the forks in the tree representation of some

optimal set Sk for GX.

Proof. Consider any fork with [ branches in the tree representation of an optimal
set Sk. Let V; be the expected payoff associated with the subtree under branch
1,1 <1 <. Player 1’s decision at this fork is then equivalent to the decision he faces

in a 1-stage game defined by

rma+Vi ooooor+ W

r, +Vi ..o o+ W

As in the proof of Proposition 4.4 we can assume that M does not have a saddle

point. It is sufficient for Player 1 to choose a basic mixed strategy, =, for M. By
17(adj M)
17(ad] M
M. By Lemma 4.27, 1T(adj M’) = 17(adj M") where M" is formed from M’ by

Proposition 4.24, x must satisfy z7 = for some square sub-matrix M’ of
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subtracting the V;’s from their corresponding rows. M" is therefore a square sub-
matrix of the payoff matrix for the stage game G which implies that z is a potentially

basic mixed strategy. |

Theorem 4.29 [If N s sufficiently large with respect to K, there is a set Sy and an
associated mizved strategy ot which can be computed in O(K) time such that the total

expected payoff achieved by o'l in G is within an additive constant of the optimal.

Proof. let p = arg gé%§{]g{((i)) } Create a set Si and a corresponding mixed
strategy o’ by repeatedly expanding the most probable leaf according to probability
vector p using Algorithm 4.1. Since P* can be computed directly from G, the time
needed to compute p is independent of K and N. Therefore, the total time needed
to compute S} and o is O(K). That o} achieves an total expected payoff within

an additive constant of the optimal follows from Theorem 4.28 and the discussion

following Theorem 4.22. |

Using the potentially basic mixed strategy p with the maximum gain per bit,
Player 1 can achieve a total expected payoff within %% (logy ps — 1) of the optimal
where p; is the smallest element in the support of p. Since potentially basic mixed
strategies are the only strategies that need to be considered, there is no other mixed
strategy that achieves a total expected payoff within this constant of the optimal for

every K. In other words, when K is sufficiently large, p is the best mixed strategy

Player 1 can use if he creates his set using the same mixed strategy at every fork.

Experiments indicate that the total expected payoff is closer to the upper bound
than the lower bound which suggests that the upper bound is probably a better
estimate of the total expected payoff achieved by the approximately optimal strategy.

For example consider the following game:

3 1 5
009
5 1 3
2 41
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There are eight potentially basic mixed strategies to consider. These are shown in
Table 4.2 along with their gain, entropy, and gain per bit. Several other potentially
basic mixed strategies were eliminated from consideration because they did not have
a positive gain or because their entropy was the same as another strategy but their
gain was lower. The strategies are listed in decreasing order of their gain per bit. In

the table, UBg = %% log, K is the upper bound on the gain given that p is used at

a(p)
H(p)

that p is used at every fork where ¢ is as defined in Lemma 4.21 and p, is the smallest

every fork. LBg = (logy (K — ¢) + log, ps) is the lower bound on the gain given
element in the support of p. The upper bound, lower bound, and actual gain g™ (o%)
achieved by using p at every fork are shown for K = 100 and K = 1,000,000. Note
that since the strategies are ordered by their gain per bit they are also ordered by
their upper bounds. Had we chosen a large enough K they would also have been
ordered by LBg. In fact, for large enough K, the lower bound for strategy 2 will be
larger than the upper bound for strategy z 4 1.

Table 4.2: A comparison of eight potentially basic mixed strategies.

4 9(p) H(p) %(—p)j UBio0 QN(Ufoo) LBloo UB106 gN(0f06) LB106
1 (0,11—0,0,%) 0.80 0.469 1.706 11.33 10.48 5.67 34.00 33.28 28.33
2 (%,0,0,%) 1.50  1.000  1.500 9.97 9.84 8.47 29.90 29.86 28.40
3 (%,0,0,;) 1.33 0981  1.452 9.65 9.54 7.35 28.94 28.83 26.63
4 (%,0,0,;) 1.43 0985  1.450 9.63 9.57 7.86 28.90 28.84 27.12
5 (%011—116—1) 1.64 1.322 1.238 8.22 7.87 3.92 24.67 24.34 20.39
6 (0,0,3,%) 1.20 0971 1.236 8.21 8.15 6.57 24.63 24.58 23.00
7 (0,%,%,%) 1.61 1.355 1.191 7.91 7.65 4.37 23.73 23.49 20.21
8 (0,%,0,%) 0.50 0.811 0.616 4.09 4.01 2.86 12.28 12.20 11.05

The optimal mixed strategy is (4/11,0,1/11,6/11) which is strategy number 5
in the table. Strategies 7 and 8 will not be used in an optimal tree since there are
other potentially basic mixed strategies with the same size support which have higher
gain and lower entropy. The upper bound is a fairly accurate measure of the true

gain for all of the strategies and is closer than the lower bound to the actual gain in
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each case. Strategy 1 has the largest gain per bit at 1.706. It is already significantly
superior to the other strategies when K = 100 even though the lower bound for
Strategy 1 is well below the lower bounds for other strategies in the list. The optimal
gain for G, was computed to be 10.98 which is only 0.5 above the gain achieved
by our approximately optimal strategy. The value of G, was not computed since
the dynamic programming algorithm to compute the value of the game exactly would
require an enormous amount of time for such a large value for K. This demonstrates

the benefit of having the O(K) time approximation algorithm for Sk.

4.6 Conclusion

We have approached the problem of bounded rationality in repeated games by fixing
the number of strategies available to a player rather than restricting him to a partic-
ular type of machine. Nevertheless, we have been able to discuss the computational
requirements of optimal play both from the point of view of finding an optimal set
of strategies and of executing the strategies from this set. In particular, we have
shown that Player 1 needs O(K) time to find an approximately optimal set and an
O(log, K)-bit memory to execute the strategies from this set using only a constant
amount of time at each stage. Thus, even when we place time restrictions similar to
that of a finite automaton on the player, the amount of memory he requires is nearly
optimal. We have also given upper and lower bounds on the value of the repeated
game when one player is restricted to a finite set of strategies. These bounds make
clear the connection between strategic entropy and the value of repeated games with

finite strategy sets.

This approach does not readily provide a way to analyze games in which both
players are bounded. If we restrict both players to choosing sets of size K, the best
set for Player 1 depends on the set that Player 2 chooses and vice versa. If we allow
the choice of sets to be randomized, then any restriction on the players caused by

limiting them to sets of size K vanishes. This is the case because a mixed strategy
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in the unrestricted repeated game is a randomized choice over sets of size one. There

does not appear to be any other obvious way to model this type of game.

Our analysis treats the characteristics of the stage game as constant. An alterna-
tive approach might be to treat the stage game as input and limit the time a player
is allowed at each stage to be polynomial in the size of the stage game. The time
taken at each stage would still be independent of the length of the repeated game.
We could abandon the constant time requirement altogether and allow the players to
use time at each stage which is a slow growing function of the length of the game.
Future work should investigate whether any of these alternative models can provide

insight into the study of bounded rationality.
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Part 11

Polynomial Time Mechanism

Design
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Chapter 5

Mechanism Design

5.1 Introduction

Consider a world inhabited by a number of self-interested agents that have different
and possibly conflicting goals. By self-interested we mean that each agent is concerned
only with satisfying its own goals and does not care whether any of the other agents
satisfy their goals. Rather than spending time negotiating with one another when a
conflict arises, the agents rely on an outside arbitrator to resolve the conflict quickly
and equitably. The arbitrator’s only goal is that its decisions satisfy some measure
of social desirability called a social choice rule. For example, the decision might be
required to be pareto optimal — no other possible decision makes one of the agents

better off without making another agent worse off.

In the economics literature, the arbitrator in the example above is called a mech-
antsm. When a mechanism guarantees that a social choice rule is satisfied, the mech-
anism is said to tmplement the social choice rule. The problem of defining a mecha-
nism to implement a particular social choice rule is known as the mechanism design
or implementation problem. The field of mechanism design has recently attracted the
interest of researchers in multiagent systems, particularly those studying automated

negotiation (Rosenschein and Zlotkin, 1994; Sandholm, 1999). Before mechanism
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design can make practical contributions to multiagent system design, however, the

computational issues involved must be clearly understood.

The literature on mechanism design is vast (see Moore, 1992 and Chapter 23 of
Mas-Colell, Whinston, and Green, 1995 for surveys). However, Moore (1992) points
out that much of this research ignores issues of practicality. He cites two areas for

potential research along these lines:

1. modelling bounded rationality on the part of the agents

2. designing mechanisms that are robust to errors in the specification of the prob-

lem.

In this thesis, we address the idea of practicality in mechanism design from the point
of view of theoretical computer science. We model bounded rationality by limiting
the agents to polynomial time computation. Since we are interested in decisions that
can be computed quickly, we also limit the mechanism to polynomial time computa-
tion. Our goal is to investigate the difficulties that arise when trying to implement
NP-hard social choice rules and to determine what can be done to overcome these dif-
ficulties. Section 5.2 provides a short introduction to mechanism design. Section 5.3
formalizes what we mean by a polynomial time mechanism. Sections 6.1 and 6.2 look
at designing polynomial time mechanisms using dominant strategy and Nash equi-
librium respectively for a multiagent version of MAXSAT. In multiagent MAXSAT,
each agent’s preferences over the set of possible outcomes can be described by a dis-
junction of boolean variables. Since MAXSAT is NP-hard, the mechanism does not
have time to find an outcome that satisfies the maximum number of simultaneously
satisfiable agents so it must settle for an outcome that is approximately optimal.
Section 6.3 provides a proof that the best a mechanism can guarantee is that half of
the maximum number of simultaneously satisfiable agents will be satisfied. This is
true for implementation in the four main equilibrium concepts used in the study of

mechanism design in complete information environments.

We are not the first to study approximation algorithms in mechanism design.
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Nisan and Ronen (1999) recently studied mechanism design for the task allocation
problem under dominant strategy equilibrium. Ronen (1999) showed that, under
certain conditions, dominant strategy implementation of social choice rules that ap-
proximately maximize the sum of the agents’ utilities is impossible. Qur work extends
the idea of computational mechanism design to Nash implementation. In addition,
we define precisely! what is necessary for a mechanism to be polynomial time com-

putable.

It certainly could be argued that the multiagent MAXSAT problem as we define
it is somewhat restrictive since each agent is limited to preferences that are simple
disjunctions rather than more general boolean formulae. Our goal, however, is not to
develop mechanisms for a particular application. Rather, our interest is in determin-
ing how restricting the agents and the mechanism to polynomial time computation
affects the existing results in the economics literature on mechanism design. In partic-
ular, we would like to determine which mechanisms in the literature are polynomial
time when the social choice rule consists of approximately optimal solutions to an
NP-hard optimization problem. With these goals in mind and in order to focus our
analysis, we need a conceptually simple NP-hard problem with many known approx-
imation algorithms. Multiagent MAXSAT satisfies these requirements. On the other
hand, we know of no approximation algorithms for the version of this problem in

which the agents’ preferences are defined by more general boolean formulae.

5.2 Mechanism Design

We begin with a formal description of the mechanism design problem. This section
is based on material from Mas-Colell, Whinston, and Green (1995), Maskin (1985),
and Moore (1992).

'Because Nisan and Ronen (1999) restricted their investigation to truthful implementation of
single valued social choice rules, they did not need to be concerned with the amount of computation

performed by the agents.
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Definition 5.1 A mechanism design problem consists of the following:

o a set of I agents thalt must make a collective choice over some finite set X of

possible outcomes.

o for each agent i1, a set ©; of possible types. An agent’s type determines ils

preferences over the outcomes.

e for each agent i, a utility function u; : X x ©; — R thal represents the
agent’s preferences given the agent’s type. Fach agent is assumed lo be trying

to maximize its utility.

e a social choice rule F': 0, x ... x O; — 2X\ {0}. If F(-) is single valued it

is called a social choice function.?

Definition 5.2 A mechanism I' = (Ay,..., A1, g(+)) is a collection of action sets
A1, ..., Ar and an outcome function g : Ay X ... x A — X. Fach agent 1 chooses an

action from action set A;. The mechanism then sets the outcome to g(ay,...,ar).

For example, consider the following multiagent version of the MAXSAT problem:
Definition 5.3 The Multiagent MAXSAT problem is defined as follows:

o The parameters of the problem consist of a set of boolean variables.
o The set of outcomes consists of all truth assignments to the boolean variables.

o An agent’s type consists of preferences over the truth assignments. The prefer-
ences are restricted to those that can be described by a simple disjunction over a
subset of the variables and their negations. We will refer to such a disjunction
as a clause. Fach agent prefers that its clause be satisfied but does not differen-
tiate between satisfying truth assignments. A type profile, therefore, is a vector

of clauses where each clause represents a single agent’s type.

ZWe use lower case f(-) when discussing social choice functions and upper case F(-) when dis-

cussing social choice rules.
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o The goal of the mechanism is to maximize the total number of satisfied clauses.

The social choice rule for this problem is defined by:
MAXSAT (8) = {t : t is a truth assignment that satisfies m(0) clauses} (5.1)

where m(0) is the maximum number of simultaneously satisfiable clauses in the

type profile 6.

Consider a warehouse inhabited by several robots and assume that the states of
the world can be represented by truth assignments over a set of boolean variables.
For example, suppose there are two blocks By and B; and one table. Let x; = True
represent B; being on the table while x; = False represents B; being on the floor for
¢t = 1,2. A robot’s type corresponds to its goal since the robot’s goal determines
its preferences over the outcomes. Suppose each robot’s goal can be represented by
disjunctions over the two variables and their negations. Let the mechanism’s goal
be to satisfy as many of the robots as possible. This is an example of a multiagent
MAXSAT problem. Suppose the mechanism requires the robots to declare their types.
In other words, the action sets are just the set of clauses over the boolean variables.
Nothing prevents the robots from lying to the mechanism since the mechanism has no
way to verify what the robots’ goals really are. Notice, however, that the social choice
rule which the mechanism is trying to satisfy depends on the robots’ true type profile
not the declared type profile. The mechanism wants to choose a truth assignment
that maximizes the total number of true clauses that are satisfied regardless of the
clauses the robots declared. To achieve its goal, the mechanism must be designed in
such a way that the robots are enticed to reveal enough information about their true

types for the mechanism to make an appropriate decision.

The situation that we study in this paper is one in which the mechanism does
not have time to choose an optimal outcome so it must settle for an approximately
optimal outcome. For example, suppose a mechanism for the robot example above

uses Johnson’s first approximation algorithm?® to determine the outcome. This al-

3See Section 6.1.3 for a detailed description of this algorithm.
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gorithm takes the literal* that appears in the most clauses and sets it to True. It
then repeatedly chooses the unassigned literal that appears most in the remaining
unsatisfied clauses and sets that to True. Let ties be broken by choosing the least
numbered variable first and assigning True before False. If there are five robots with
goals defined by the type profile § = (21,21 V T3, %1 V Tg, x2, 22) then the mechanism
chooses t = x1z9. Robot 1 is not satisfied by this outcome. However, if Robot 1
declared its type to be x1 V z4, the outcome would be ¢ = z12, which does satisfy

Robot 1. Therefore, in this instance, it is better for Robot 1 to lie about its goals.

The literature considers two types of environments with regard to the information
that the agents possess about each other. In the complete information case, which
is the case we consider in this thesis, each agent knows his own type as well as the
types of all the other agents. In the incomplete information case, each agent has no
information or only partial information about the other agents’ types. In either case,
the mechanism does not know the agents’ types. A mechanism I' = (Aq,..., A7, 9(+))
combined with a set of possible types ©; and a utility function u; for each agent :
induces a game of complete or incomplete information depending on the information
available to the agents. At the beginning of the game, each agent somehow comes to
know its type. Formally, we say each agent receives a signal that indicates its type.
Each agent then chooses an action based on its type. In the complete information
case, a strategy for agent ¢ is a mapping s; : ©1 x...x0O; — A; while in the incomplete

information case, a strategy for agent ¢ is a mapping s; : ©; — A;.

The mechanism designer’s goal is to design the mechanism in such a way that, for
every possible profile of preferences, some “rational” outcome of the induced game
is socially desirable. In game theory, a “rational” outcome of a game is called an
equilibrium outcome. There are many competing equilibrium concepts. In this thesis,

we will be discussing dominant strategy and Nash equilibrium which are defined as

4A literal is a variable or its negation.
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follows:®

*

Definition 5.4 A strategy profile s*(-) = (si(+),...,s3(+)) is a dominant strategy
equilibrium of a mechanism I' = (Aq,..., A, g(+)) if, for all ¢ and all type profiles
0

Y

ui(g(s7(0), ai), 0:) = ui(g(a, a), 0:)

for all at € A; and all a_; € A_;.

In other words, a strategy profile is a dominant strategy equilibrium if no matter

what the other agents do, no agent has another action that can increase its utility.

Definition 5.5 A Nash equilibrium of a mechanism I' = (A1,..., A, 9(+)) is a

strategy profile s*(-) such that, for each agent i and all type profiles = (04,...,0;),
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ui(g(a, s74(0)), 6:)
for all ai € A;.

In other words, a strategy profile is a Nash equilibrium if no agent can unilaterally

deviate from the prescribed action and increase its utility.

Definition 5.6 An equilibrium outcome of a mechanism I' = (Ay,..., A1, g(+))

for some type profile 0 is the outcome produced by an equilibrium strategy profile s*(6)
of T'.

There are different degrees to which a mechanism can satisfy a social choice rule.

These are defined as follows:

Definition 5.7 Given a mechanism T, let E(0) be the set of equilibrium outcomes

for a type profile 6.

5We use the notation a_; to indicate the vector consisting of all elements of vector (a1,...,ar)

except element 7.
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1. I implements F(-) if E(0) N F(0) # 0 for all 6.
2. T strongly implements if § # E(0) C F(0) for all §.

3. T fully implements if £(0) = F(0) for all §.

If multiple equilibria exist, it might be difficult to argue that one equilibrium will
be played while another will not since all equilibria are equally rational according
to any particular equilibrium criterion. The definition of implementation does not
exclude the possibility that undesirable equilibrium outcomes will occur. Strong im-
plementation eliminates mechanisms that do not guarantee that every equilibrium
outcome is socially desirable. Full implementation receives a great deal of attention
in the literature on Nash implementation. However, in line with the philosophy of ap-
proximation algorithms, we want to guarantee that all outcomes reach some threshold
of acceptability. We are not necessarily concerned with making all acceptable out-
comes possible. In designing mechanisms to control the collective decision making

process of a group of autonomous agents, strong implementation should suffice.®

5.3 Polynomial Time Mechanisms

From a computational perspective, the mechanism design problem consists of two
parts: the computation performed by the mechanism and the computation performed
by the agents. From the mechanism’s point of view, an instance of the problem
consists of the description of the problem’s parameters plus a description of the actions
chosen by the agents. From the agent’s point of view, an instance of the problem
consists of the description of the problem’s parameters and a description of the agent’s

type.” Hence, we have the following definitions:

SHowever, we return to this discussion in Section 6.2 where we provide some justification for
trying to achieve full implementation.
Tt should also include a description of the mechanism but we will assume that either the descrip-

tion of the mechanism is fixed or that its size is polynomial in the size of the problem’s parameters.
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Definition 5.8 I' = (A4,..., A1, ¢(-)) is a polynomial time mechanism if there is
some polynomial p(-) such that g(as,...,ar) is computable in time which is O(p(|ai|+
oot |ar| +1)) where |a;| is the size of the binary description of action a; and l is the

size of the binary description of the problem’s parameters.

Definition 5.9 A polynomial time strategy profile is a strategy profile s(-) =
(s1(+),...,s1(+)) such that for some polynomial p(-) and for all i, s;(0) is computable in
time which is O(p(|0]|+1)) where |0| is the size of the binary description of the agents’

type profile and [ is the size of the binary description of the problem’s parameters.

Definition 5.10 A polynomial time equilibrium outcome for a mechanism I' =
(A1,...,A1,9(")) is an outcome x € X such that x = g(s*(0)) for some type profile 6

and some polynomial time equilibrium strategy profile s*(-).

We are interested in situations in which the computation performed both by the
mechanism and the agents is restricted to polynomial time. This leads to the following

variations on Definition 5.7:

Definition 5.11 Given a mechanism I', let PE(0) be the set of polynomial time
equilibrium outcomes for a type profile 0. If I' is a polynomial time mechanism then

we say that, in polynomial time for polynomial time bounded agents,

1. T implements F(-) if PE(6) N F(0) # 0 for all 6.
2. T strongly implements F(-) if ) £ PE(0) C F(0) for all §.

3. T fully implements F(-) if PE(0) = F(0) for all .
The restriction to polynomial time equilibrium outcomes requires some discussion.
As the following Lemma shows, if there is at least one polynomial time equilibrium

strategy profile then every equilibrium outcome is a polynomial time equilibrium

outcome:
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Lemma 5.12 Given a mechanism ', let PE(0) be the set of polynomial time equi-

librium outcomes for type profile 0. Let E(0) be the set of all equilibrium outcomes
Jor type profile 0. If PE(0) # 0 for all 0 then PE(0) = E(0) for all §.

Proof. 1f suffices to show that E(0) C PE(6). Since PE(6) # () for all 8 there exists
a polynomial time equilibrium strategy profile, s*(-), for I'. Let 0 be any type profile

and let ¢ be any member of F(6). Then t = ¢g(5(0)) for some equilibrium strategy
profile §(-). Define a new strategy profile s'(-) such that for all ¢,

si(0) if 6 #40

5(0) otherwise

5(0) =

For each ¢, s}(-) is polynomial time computable since s7(-) is (assuming it is easy to

compare types). Furthermore, s'(+) is an equilibrium strategy profile since s*(-) and

A A A

§(+) are. This implies, t = g(5(0)) = g(s'(0)) € PE(0). Therefore, E(0) C PE(6). 1
As a result, we have the following proposition:

Proposition 5.13 If " strongly [fully] implements F(-) in polynomial time for poly-
nomial time bounded agents then I strongly [fully] implements F(-).

Proof. Since T' strongly implements F'(-) in polynomial time for polynomial time
bounded agents, I" has some polynomial time equilibrium strategy profile. The result

then follows from Lemma 5.12 and Definitions 5.7 and 5.11. |

Proposition 5.13 implies that any property of social choice rules that is required
for strong or full implementation is also required for strong or full implementation

respectively in polynomial time for polynomially time bounded agents.

5.3.1 Revelation Mechanisms

Mechanisms in which A; = O; for all ¢ form an important class of mechanisms known
as revelation mechanisms. In other words, revelation mechanisms require the agents

to declare their types. We say that a social choice rule F(-) is truthfully implementable
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if there is a revelation mechanism for which truthful type declarations by all the agents

constitutes an equilibrium with an outcome in F(-). More formally:

Definition 5.14 A social choice rule F(-) is truthfully implementable if there is
a revelation mechanism I' = (O4,...,0;,g(+)) that has an equilibrium stralegy profile
s*(+) such that s¥(0) = 0; and g(s*(0)) € F(0) for all type profiles 0 and all agents 1.

Definition 5.15 A revelation mechanism I is said to be truthful if truth telling by

all the agents constitutes a dominant strateqy equilibrium for T".

The following result known as the Revelation Principle states that truthfully im-
plementable social choice rules are the only social choice rules that can be imple-
mented. This principle applies to many equilibrium concepts including dominant
strategy and Nash equilibrium so we state it without specifying a particular equilib-

rium concept (see the discussion in Maskin, 1985 on p. 182-183):

Proposition 5.16 (The Revelaltion Principle) Suppose there exists a mechanism T’
that implements social choice rule F/(-). Then F(-) is truthfully implementable.

Proof. See Mas-Colell, Whinston, and Green (1995). |

The Revelation Principle has a polynomial time analogue but only if the agents
are restricted to polynomial time strategies. This result will hold for any equilibrium

concept for which the standard Revelation Principle applies.

Proposition 5.17 (The Polynomial Time Revelation Principle) If a social choice
rule F(-) is polynomial time implementable for polynomial time bounded agents then

F(+) is truthfully polynomial time implementable for polynomial time bounded agents.

Proof. We provide the proof for the case of dominant strategy equilibrium. The
proofs for other equilibrium concepts are similar. Let I' = (Ay,..., A7, ¢9(-)) be a
polynomial time mechanism that implements F(-). Let s*(-) be a polynomial time

equilibrium strategy profile for I' such that ¢(s*(0)) € F(0) for all §. Let ¢g*(8) =
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g(s*(#)). Then I'" = (O1,...,07,9%(-)) is a polynomial time mechanism. To see
that truth telling is a dominant strategy for 1", let #; be agent ¢’s true type and
suppose that for some 6_; agent ¢ is strictly better off in I by declaring his type to
be 0. # 0,. Then u;(g*(0),0;) < u;(¢g*(0.,0_;),0;). Define an alternative strategy for

agent ¢ playing I' by:

s*(0}) otherwise

'(+) is polynomial time computable since s¥() is (again assuming it is easy

Clearly, s
to compare types). Furthermore, u;(g(s3(6;),s*,(0-;)),0;) < u;(g(si(6;),s*,(0-;)),6;)
which contradicts s7(-) being a dominant strategy for agent ¢ playing I'. Therefore,

I'" truthfully implements F'(-) in dominant strategies. |

The above argument crucially depends on the agents being restricted to polyno-
mial time since, if the agents could use exponential time, they could simply pad their
input to the mechanism so that the size of the input was exponential in |f]. Com-
puting ¢(-) in time polynomial in its input size in this case would be equivalent to

computing ¢*(-) in time which is exponential in its input size.

Using the Polynomial Time Revelation Principle, we can show that MAXSAT(-)

defined in Equation 5.1 is not polynomial time implementable.

Proposition 5.18 [f MAXSAT(:) is polynomial time implementable for polynomial
time bounded agents then P = NP.

Proof. If P # NP there is no polynomial time algorithm for finding a member
of MAXSAT (-) (see Garey and Johnson, 1979). Suppose MAXSAT(-) is polynomial
time implementable for polynomial time bounded agents. By the Polynomial Time
Revelation Principle, there exists a polynomial time mechanism I' = (0O4,...,0;,¢(-))
such that g(8) € MAXSAT () for all # € ©. But then the polynomial time algorithm
that computes g(-) finds a member of MAXSAT(-) in polynomial time which implies
P=NP. |
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Since MAXSAT(-) is not polynomial time implementable for polynomial time
bounded agents, the best one can hope for is to implement some approximation
to MAXSAT(+) in polynomial time. An approximation to MAXSAT(-) is defined as a

social choice rule of the form:
c-MAXSAT (0) = {t : t satisfies at least em(f) clauses}

where ¢ € (0,1) and m(#) is the maximum number of simultaneously satisfiable

clauses in #. In general, we define an approximation to a social choice rule as follows:

Definition 5.19 Let F/(-) be a social choice rule that mazimizes some real valued

objective function h: X x O1 X ... x Oy — R. In other words, for all 8,
FO)={te X:te argme%?h(x,&)}.
A c-approximation for F(-) is a social choice rule c-F(-) such that

c-F(0)={te X :h(t,0) > cmaxh(x,0)}

reX

where ¢ is a constant between 0 and 1.

Definition 5.20 A social choice rule F(-) is approximately implementable if

there is some constant ¢ € (0,1) such that ¢-F(-) is implementable.

In Sections 6.1 and 6.2, we examine whether there exists a constant ¢ such that
c-MAXSAT (+) is implementable in dominant strategy or Nash equilibrium and which
approximation algorithms for MAXSAT can be used to create polynomial time mech-

anisms that implement e-MAXSAT(-).

76



Chapter 6

The Multiagent MAXSAT

Implementation Problem

6.1 Dominant Strategy Implementation

In this section, we investigate whether there is a constant ¢ such that c-MAXSAT(-) is
truthfully implementable in dominant strategies. We examine three different approx-
imation algorithms for MAXSAT — two from Johnson (1974) and one which we call
the complement algorithm. We begin with a discussion of the existing impossibility

theorems for dominant strategy implementation.

6.1.1 Existing Impossibility Theorems

Dominant strategy equilibrium is a very strong equilibrium concept and there has been
a great deal of work in determining whether “satisfactory” social choice functions can
be implemented in dominant strategies. An example of a social choice function that
would be considered unsatisfactory is a function for which one agent alone determines

the outcomes that are considered desirable. Such a function is called dictatorial.
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Definition 6.1 A social choice function f(-) is dictatorial if there is a single agent

@ such that, for all type profiles 0, f(0) is one of agent ¢’s most preferred outcome.

Unfortunately, in many cases it is impossible to implement a non-dictatorial social
choice function in dominant strategies. The following result is known as the Gibbard-

Satterthwaite Theorem:

Proposition 6.2 (Gibbard, 1973; Satterthwaite, 1975) Let f(-) be a social choice
function. Suppose the set of possible outcomes, X, is finite and contains at least three
elements and that the range of f(-) is X. Further suppose that the set of possible
preference relations over X contains the set of strict preferences over X. Then f(-)

is truthfully implementable in dominant strategies if and only if f(-) is dictatorial.
Proof. See Mas-Colell, Whinston, and Green (1995) p. 874-875. |

This impossibility result for such a large class of problems has lead people to study
dominant strategy implementation in restricted environments. The most commonly
studied is the quasilinear environment where it is assumed that there is a way for
the mechanism to transfer money among the agents in order to induce the agents to

provide accurate information.

Definition 6.3 In a quasilinear environment we assume the following:

o There is a finite set K called the project choice set.

o The set of outcomes X is {(k,t1,...,11): k€ K,t; € R, and Y ;t; <0} where

t; is a transfer of money to agent 1.
e Fach agent has a quasilinear utility function i.e. for each @
uz((k, tl, . ,t[), 92) = ’Ui(k, (92) —|— ti

where vi(k,8;) is a real valued function called agent t’s valuation of project

choice k.
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o The outcome function takes the form

9(0) = (k(8),4:(6), ..., 1:1(9))

where § € O1 X ... x0O, k:0;x...x0; = K andt;:0; x...x0; = R for
I
1<i<Tand) t; <0.
=1
Definition 6.4 Let ' = (04,...,0;,9(-)) be a revelation mechanism in a quasilinear
environment where g(0) = (k(0),11(0),...,t1(8)). T is called a« Groves mechanism
if both of the following hold:

1. k(0) mazimizes the sum of the agents’ valuations i.e.
Zvi(k(e),ei) > Zvi(k’,ﬂi)
for all € ©1 x ... x O and for all k' € K.
2. 4;(0) = hi(0_;) + Zvj(k(ﬁ),(%) where h(-) is an arbitrary function of 6_;.
J#
Proposition 6.5 (Groves, 1973; Green and Laffont, 1979) A Groves mechanism is
truthful. Furthermore, in a quasilinear environment, if, for each agent i, the set of

possible valuation functions consists of all functions from K x O to R, then every

truthful mechanism is a Groves mechanism.

There is another impossibility theorem to contend with when dealing with approx-
imate dominant strategy implementation in quasilinear environments. Ronen (1999)
proves that, in quasilinear environments with certain conditions on the agents’ val-
uations, it is impossible to implement social choice functions that approximately

maximize the sum of the agents’ valuations.

Definition 6.6 Let I' = (O1,...,07,9(-)) be a revelation mechanism in a quasilin-
ear environmenl where g(0) = (k(0),t1(0),...,t1(0)). T is called an approximate
Groves mechanism if both of the following hold:
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1. k(8) approximately maximizes the sum of the agents’ valuations i.e. for some
constant ¢ € (0,1)
Zvi(k(ﬁ),ﬁi) > chi(k',HZ)
for all € ©1 x ... x O and for all k' € K.
2. 4;(0) = hi(0-;) + > _v;(k(0),0;) where h(-) is an arbilrary function of 6_;
J#
Proposition 6.7 (Ronen, 1999) If, for each agent i, the sel of possible valuation

functions consists of all functions from K x Op to R then an approximate Groves

mechanism which makes a non-optimal choice for at least one type profile is not

truthful !

Proof. We provide the proof using slightly different notation than Ronen (1999) in
order to highlight the choice of valuation. Let I' = (04,...,07,¢(-)) be an approxi-
mate Groves mechanism where ¢(0) = (k*(0),11(0),...,11(8)). Let 0 be a type profile
that results in a non-optimal choice, i.e. Z vi(k*(0:,0_:),0;) < Z Vi (kopt, 0;) for some
kopt € K. Since the set of valuations is szncﬁciently rich, there r;ust be some type b;

such that

. { i (R, 0;) 4 105 3 b = ko o)

vi(k,0;) =
> vi( K, 0;) otherwise

Since Zvi(k*(éi,e_i),ei) > ¢ (vZ (k',0 ) —I—Zv] (', 6,) ) for all ¥ € K, it must be
7 J#
the case that k‘*(é27 0_;) = kopt. Hence,

wi(k*(05,0-3),05) = vilkopt, 0:) + D 0(kopt, 0;) + h(6-)
JF
> vk (01,0-0),0:) + 3 vy (k(0:,0_:),0;) + h(6_;)
J#

= ui(k™(0:,0-5),0;)

!The original statement of this theorem in Ronen (1999) restricts the set of valuations to all

functions from K x Oy to (—o0, 0].
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Agent ¢, therefore, has incentive to lie when his type is §; and the other players declare

their types to be §_;. Thus, truth-telling is not a dominant strategy for player z. |

Notice that the agent’s lie in Equation 6.1 forces the mechanism to choose an
optimal outcome. If it is NP-hard to find a k& that maximizes the sum of the agents’
valuations and if the agents are restricted to polynomial time strategies then it is
impossible for an agent to declare such a false type every time the mechanism would
otherwise choose a non-optimal outcome. The proof of Proposition 6.7, however, only
requires the agent to declare this false type in a single instance where the mechanism
chooses a non-optimal outcome. Proposition 6.7, therefore, holds even when the

agents are restricted to polynomial time strategies.

To complete the proof that it is impossible to implement social choice functions
that approximately maximize the sum of the agents’ valuations we need the following

proposition:

Proposition 6.8 In a quasilinear environment, suppose that, for each agent i, the
set of possible valuation functions consists of all functions from K x Oy to R. If a
mechanism which approximately maximizes the sum of the agent’s valuations has a
dominant strateqy equilibrium in which every agent tells the truth then it must be an

approximate Groves mechanism.

Proof. The proof is identical to the proof given in Mas-Colell, Whinston, and Green

(1995) on p. 879 for the non-approximate version of the same result so we omit it. |

6.1.2 Implementing MAXSAT(:)

The Gibbard-Satterthwaite Theorem does not apply to multiagent MAXSAT since the
set of preference relations for MAXSAT does not include the set of strict preference

relations.? To see this, observe that if an agent’s clause does not include a variable

2The Gibbard-Satterthwaite Theorem has been extended in several ways (see Note 62 in Moore,

1992). However, none of these extensions can apply to the multiagent MAXSAT problem since we
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x; then the agent is indifferent between truth assignments that are identical except
in their assignment to x;. Furthermore, if the agent’s clause includes more than
one literal then the agent is indifferent between truth assignments that satisfy at
least one of the literals. As the following proposition shows, MAXSAT(-) is truthfully

implementable in dominant strategies.

Proposition 6.9 MAXSAT(-) is truthfully implementable in dominant strategies. Fur-
thermore, there is a revelation mechanism that truthfully implements MAXSAT(-) and

that uses a non-dictatorial outcome function.

Proof. Order the truth assignments lexicographically where x; = True comes before
z; = False for 1 <7 < n. Define a revelation mechanism I' = (04,...,0;,¢(-)) such
that g(@) is the first truth assignment in the lexicographic ordering that satisfies the
maximum number of simultaneously satisfiable clauses in the declared type profile
f. To prove that truth telling is a dominant strategy for I' it suffices to show that
no agent can improve the outcome for itself by removing a literal or adding a literal.

This is sufficient since all lies are combinations of these two operations.

For any truth assignment # and any type profile é, define S(é, f) to be the number
of clauses in @ that { satisfies. Let 6 be the type profile declared by the agents. Let
t = ¢(0). Suppose agent ¢ is not satisfied by t. Let ¢’ be any truth assignment that
does satisfy ;. It must be the case that S(6,t") < S(0,1).

Suppose agent ¢ lies about its type by declaring @, which is 6; with one literal
removed. Since changing 6; cannot change the number of clauses in #_; that are

satisfied by any truth assignment, S(¢',¢") < S(0,t") < S(0,t) = S(¢',1)

Now suppose 6! is created from 6; by adding one literal. This doesn’t change the
number of clauses satisfied by ¢’ since ' satisfies #! and does not decrease the number

of clauses satisfied by t. Therefore, S(8',t") = S(6,t') < S(6,t) < S(¢',1).

show below that MAXSAT(-) is truthfully implementable in dominant strategies and the outcome

function for the mechanism used in the proof is not dictatorial.
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In either case, t still satisfies at least as many clauses as ¢" and the tie breaking
rules still favor ¢ so t' # ¢(6'). Since this is true for any ¢’ that satisfies 6;, agent ¢

cannot improve the outcome by lying. Hence, truth telling is a dominant strategy.

To see that g(-) is not dictatorial, suppose 6 = (21, 21,...,21). The mechanism
sets 1 to True so the outcome is not agent 1’s most preferred outcome. The same
argument can be applied to the other agents which implies that g(€) is not the same

agent’s most preferred outcome for every 6. |

We know from Proposition 5.18 that MAXSAT(-) cannot be implemented in poly-
nomial time so we are interested in determining whether there is some constant ¢
such that ¢-MAXSAT(-) can be implemented in polynomial time. In general, if F(-)
is a social choice rule that maximizes the sum of the agents’ valuations and if it is
NP-hard to find a member of F(-), then the Polynomial Time Revelation Principle
(Propositions 5.17) and Ronen’s Theorem (Propositions 6.7and 6.8) together imply
that, in a quasilinear environment with a sufficiently rich set of valuations, ¢ F(-)
is not polynomial time implementable in dominant strategies for polynomial time
bounded agents.® Fortunately, although MAXSAT(-) does maximize the sum of the
agents’ utilities, the conditions of Ronen’s Theorem are not met since the range of the
valuations is restricted to {0,1}. There is hope, then, that for some ¢, - MAXSAT(-)
can be implemented in polynomial time. The question is how to convert one of the
many existing approximation algorithms for MAXSAT into a mechanism that truth-
fully implements ¢-MAXSAT(-). In the remainder of this section, we consider three
different algorithms — two from Johnson (1974) and one which we call the complement

algorithm.

3Assuming P # NP.
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6.1.3 Implementing c-MAXSAT(-) in polynomial time
Johnson’s algorithms

Johnson (1974) provides two approximation algorithms for MAXSAT. The first is a
1/2-approximation and the second is a 2/3-approximation (see Battiti, 1998). John-
son’s first algorithm, given in Algorithm 6.1 repeatedly finds the literal the appears

most in the clauses that are currently unsatisfied and assigns True to that literal.

Algorithm 6.1: Johnsonl(V,C).
/* V is the set of variables */
/* C is the set of clauses */
1. Initialize truth assignment ¢ to be the null truth assignment.
2. Let A=0 /* Ais the set of literals corresponding to assigned variables. */
3. Let S=10 /* S is the set of clauses that are currently satisfied by ¢.*/
4.  Repeat
5. Of the literals not in A, let u be the literal appearing in the most clauses
in C'\ S with ties broken by taking the lowest numbered variable first
and assigning True before False.
6. t(u) « True.
7. S «— SU{ce C:ccontains u}.
8. A — AU{u,u}.
9. Until A contains the entire set of literals.

10. Return ¢.

Johnson’s second algorithm, given in Algorithm 6.2, assigns each clause a weight

based on the size of the clause. For each variable v, it sets v to True if the sum of
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the weights of the clauses that are currently unsatisfied and that contain v is at least
as large as the sum of the weights of the clauses containing v that are unsatisfied. It
sets v to False otherwise. It then updates the weights of the clauses to reflect the fact

that v is no longer available to assign.

Algorithm 6.2: Johnson2(V,C).
/* V is the set of variables */
/* C is the set of clauses */
1. Initialize truth assignment ¢ to be the null truth assignment.
2. Let A=0 /* Ais the set of literals corresponding to assigned variables. */
3. Let S=10 /* S is the set of clauses that are currently satisfied by ¢.*/
4. For each clause ¢ € C, let w(c) =271,
5. Repeat
6. Let u be the least numbered variable that appears in a clause from C'\ S.
7. Let Cr ={c € C\ S: ¢ contains u}.

8. Let Cp={c€ C\ S:c contains u}.

9. If Z w(c) > Z w(c)

ceCrp ceCp
10. then ¢(u) « True.
11. S« SUCr
12. A— AU{u,u}
13. for all ¢ € Cp,
14. w(c) « 2w(c).
15. else {(u) « False.
16. S« SUCF
17. A— AU{u,u}

89



18. for all ¢ € C7,

19. w(c) « 2w(e).

20.  Until no clause in S\ C contains a variable from V \ A.
21.  For all variables v € V' \ A

22. t(v) « True.

23.  Return ¢.

Using Johnson’s algorithms to choose the outcomes does not generate mechanisms

in which truth telling is a dominant strategy.

Proposition 6.10 Lel I'y = (04,...,01,61(-)) where gi(-) is the oulcome function
defined by Algorithm 6.1. Let 'y = (0O1,...,07,¢:1(-)) where g2(-) is the outcome
function defined by Algorithm 6.2. If I > 5, 'y is not truthful. If [ > 2, T'y is not
truthful.

Proof. Let I =5 and let § = (21,21 V T2,y V Ty, Ty, x3). Since ties are broken by
choosing the least numbered variable first and assigning True before False, ¢1(6) =
ZT1xe. Agent 1 is not satisfied by this outcome. However, if agent 1 declared its type
to be x1V 4, the outcome would be z1x; which does satisty agent 1. Therefore, truth

telling is not a dominant strategy for agent 1 in I'y.

Let / = 2 and let § = (z1,2Z1 V 23). Since ties are broken by choosing the least
numbered variable first and assigning True before False, ¢g2(#) = 2,25 which does not
satisfy agent 1. If agent 1 declared its type to be x1 V x5, the outcome would be x1z9
which satisfies agent 1. Therefore, truth telling is not a dominant strategy for agent 1

n FQ. I

The Complement Algorithm

The following property of MAXSAT provides a very simple 1/2-approximation algo-
rithm for MAXSAT.
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Lemma 6.11 For a truth assignment t, let { denole the lruth assignment such that

for every variable v, t(v) = True if and only if t(v) = False. For all truth assignments

L, either t or i salisfies al least half the mazimum number of salisfiable clauses.

Proof. Let 6; be any clause that ¢ does not satisfy. Let [; be a literal in 6;. Then
t(l;) = False which implies {(/;) = True. Therefore, ¢ satisfies 0;. |

We can use this property to develop a polynomial time mechanism that strongly

implements 2-MAXSAT (). Define a social choice function f(-) as follows:

t if t satisfies more clauses in 8 than ¢
f0) = (6.2)

t otherwise

This social choice function is not dictatorial since for each agent ¢ we can define 6
such that ¢ does not satisfy #; but does satisfy every clause in §_; while ¢ does not
satisfy any clause in 6_;. For example, suppose t = z1Z2%3. Let 0 = (21, 29, 23). We
have f(0) = ¢ which is not agent 1’s most preferred outcome. A similar argument
applies to the other two agents which implies that f(#) is not the same agent’s most
preferred outcome for every §. Lemma 6.11 implies that f(6) is a %—approximation for
MAXSAT(-). Therefore, any mechanism that truthfully implements f(-), truthfully
implements 1-MAXSAT(-).

Define the following revelation mechanism:

Mechanism 6.1.

1. Let t be the fixed truth assignment from the definition of f(-) in Equation 6.2.
2. If t satisfies at least as many of the declared clauses as ¢

3. then choose t as the outcome

4. else choose t.

Theorem 6.12 Mechanism 6.1 truthfully implements f(-) in dominant strategies in

polynomial time for polynomial time bounded agents.
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Proof. Mechanism 6.1 is polynomial time since it need only compare the number
of clauses in # that are satisfied by two fixed truth assignments. Truth telling is
certainly a polynomial time strategy so it suffices to show that truth telling constitutes

a dominant strategy equilibrium.

Let ¢ be the fixed truth assignment used in the definition of f(-) in Equation 6.2.

Let 6; be agent ¢’s true type.
Case 1: t satisfies 6; and ¢ doesn’t.

Removing literals from 8; potentially decreases the number of clauses satisfied
by ¢ and does not affect the number of clauses satisfied by ¢. Adding literals cannot
increase the number of clauses satisfied by ¢ and cannot decrease the number of clauses
satisfied by ¢. Since lying either leaves the number of clauses satisfied by ¢ the same
or decreases it and leaves the number of clauses satisfied by ¢ the same or increases
it, lying either leaves the outcome unaffected or results in an outcome that is worse

for agent .
Case 2: { satisfies §; and ¢ doesn’t. A symmetric argument applies to this case.

Case 3: Both ¢ and { satisfy ;. In this case, agent 7 does not care which of the

two truth assignments is chosen so lying cannot be beneficial or harmful.

Since lying is never beneficial, truth telling is a dominant strategy. |

Corollary 6.13 %-MAXSAT(-) is strongly implementable in dominant strategies in

polynomial time for polynomial time bounded agents.
Proof. Let t be the fixed truth assignment used in the definition of f(-) in Equa-
tion 6.2. In the proof of Theorem 6.12, Case 3 is the only case in which lying can

affect the outcome and not be harmful to the agent. However, we claim that if an

agent who is indifferent between ¢ and ¢ affects the outcome by lying then the new

outcome is still in %—MAXS/—\T(-).

To see this, suppose agent ¢’s true type is 6; but agent ¢ falsely declares its type
to be @.. Further suppose that g(6) # g(6:,6_;) and both ¢ and ¢ satisfy agent ¢’s true
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type 6;. Define S(t',6') to be the number of clauses in 6’ that a truth assignment ¢’

satisfies.

Case 1: Both ¢ and ¢ satisfy 6.

Then ¢(8;,6_;) = g(8) contradicting our assumption.

Case 2: t does not satisfy 0! and ¢ satisfies ..

Since (¢ satisfies both 6; and 6., we have S(,(0!,0_;)) = S(t,0). Since ¢ satisfies
6; but not 0, we have S(¢,(0:,0_;)) = S(¢,0) — 1. Since the number of clauses that
{ satisfies remains the same and the number of clauses that ¢ satisfies decreases and

since g(0 0'.0_;). it must be the case that ¢(0) = t and ¢(0".0_;) = t. This
g( 9(67,0-:), g 9(0;,

implies:

S(1,0) > S(7,0)
= S(fv( ;70—2'))
> S(t,(65,0-))
— S(4,0)—1

which implies that S(¢,0) = S(¢,6). Since S(¢,0) + S(¢,0) > I, S(¢,0) > % where [
is the number of agents. Therefore, g(0!,0_;) =t € 2-MAXSAT(0).

Case 3: t satisfies 0} and ¢ does not satisfy ..

Since ¢ satisfies both 6; and 6!, we have S(¢, (6},6_;)) = S(¢, ). Since ¢ satisfies 6,
but not 6!, we have S(t,(6;,6_;)) = S(t,0) — 1. Therefore, since g(0) # g(6:,0_;), it
must be the case that g(0) = ¢ and g(0!,0_;) = . This implies:

S(t,0) > S(t,0)

(
= S(tv( ;70—2'))
> S(L,(6,0-0))
— S(5,0)—1

which implies that S(¢,0) = S(¢,0) — 1. Since both ¢ and ¢ satisfy 6; and every clause
is satisfied by at least one of ¢ and ¢, it must be the case that S(¢,0)+ S(¢,0) > [ +1
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which implies that 25(¢,0) +1 > I + 1. Hence, S(¢,6) > % Therefore, ¢g(6:,0_;) =
t € 3-MAXSAT(0).

Thus, all dominant strategy equilibrium outcomes are in %—MAXS/—\T(-). |

6.2 Nash Implementation

We now consider mechanism design in environments with complete information using
Nash equilibrium. First, we consider whether the exact social choice rule for multi-
agent MAXSAT is strongly implementable. Then, we consider what is necessary for
an approximate social choice rule to be strongly implementable in polynomial time

for polynomial time bounded agents.

There are two properties of social choice rules that are extremely important for
Nash implementation — no veto power and monotonicity. No veto power states that
one agent cannot override the wishes of all the other agents. Monotonicity says that
whenever the type profile changes from 6 to #' and the set of outcomes that an
alternative t € F'(0) is preferred to remains the same or expands then ¢ must also be

in F(6'). These two properties are formalized in the following definitions.

Definition 6.14 A social choice rule F(-) satisfies no veto power if for any type
profile 0 such that I — 1 agents rank an alternative t as their weakly most preferred
choice, we have t € F(0).

Let L;(t,0;) = {t' : wi(t,0;) > u;(t',0;)}. Li(t,0;) is called agent ¢’s lower contour

set for t.

Definition 6.15 A social choice rule F(-) is monotonic if for all type profiles 0 and
0" and all outcomes t such that t € F(0) and L;(t,0;) C L;(t,0;) for all v, we have
te F(g).

The following result known as Maskin’s Theorem establishes a necessary condition

and a sufficient condition for Nash implementation:
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Proposition 6.16 (Maskin, 1985) If a social choice rule is fully Nash implementable
then it ts monotonic. If there are at least three agents then a social choice rule that

1s monotonic and satisfies no veto power is fully Nash implementable.

Monotonicity is also required for full Nash implementation in polynomial time for

polynomial time bounded agents.

Proposition 6.17 If a social choice rule F(-) is fully Nash implementable in poly-

nomial time for polynomial time bounded agents then it is monotonic.

Proof. The result follows from Propositions 5.13 and 6.16. |

Proposition 6.18 If the number of variables is at least two then MAXSAT(-) is not

monotonic.

Proof. We provide a proof for the case of two agents and two variables. It can
be generalized easily. Let § = (z1,%1). The maximum number of simultaneously
satisfiable clauses in 6 is 1. Let ¢ = zy2, which is in MAXSAT(6). Let 8" = (x4, 2,).
Since ¢ satisfies agent 1 when the type profile is either 8 or €', L,(t,0,) = L(t,6)).
Since agent 2’s type is the same in either case, Ly(t,0;) = Lo(t,6,). However, t ¢
MAXSAT (6") which implies that MAXSAT(-) is not monotonic. |

Even if MAXSAT(-) were monotonic, by Proposition 5.18, it cannot be imple-
mented in polynomial time for polynomial time bounded agents assuming P # NP.
If the mechanism and the agents are restricted to polynomial time computation, the
best one could hope for is to implement some approximation to MAXSAT(-). There-
fore, we need to find a constant ¢ such that e-MAXSAT(-) is monotonic even though
MAXSAT(-) is not. We also need to find a polynomial time mechanism that imple-
ments c-MAXSAT(-).

There are several different mechanisms used to prove Maskin’s theorem (Maskin,
1985; Repullo, 1987; Saijo, 1988; McKelvey, 1989). For example, Saijo (1988) defines

a mechanism that fully implements a monotonic social choice rule satisfying no veto

91



power as follows. The action sets are defined by A; = ©; x 0,17 x X x {1,...,1}.

Each agent i declares his own type ¢, the type of his neighbor #:*! where we take
I +1 =1, an outcome z;, and a number k; between 1 and /. The outcome function

g(+) is defined by the following rules:
Mechanism 6.2: Saijo (1988).

Let a = [(92: 9”1,372',]%)].[

(7

) be the action profile.

Rule I: If 0! = 0!_, and x; = z for all ¢ and = € F(0],...,07) then g(a) = .

Rule II: If § = #!_, for all ¢ except j or j + 1, and x; = x for all 7 except j,
and z € F(0),...,6°71,6°_,,6°T] ..., 6} then

yVi—=12Y5=12 V541>

xz otherwise

z; ifx; € Lj(x,ﬁi_l),
g(a) =

Rule I1I: If neither Rule T or I1 apply then let n = (Z kz) (modl) 4+ 1 and set
el
gla) = x,.

Notice that Mechanism 6.2 checks whether a given outcome is a member of the
social choice rule for the declared type profile. This check, which also appears in the
mechanisms used by Repullo (1987) and Maskin (1985) corresponds to the following
decision problem when F(-) is ¢-MAXSAT(+):

Definition 6.19 ¢-MAXSAT Membership Problem
Let V ={vy,...,v,} be a sel of boolean variables, let 0 be a sel of clauses over V and
let t be a truth assignment to the variables in V. Does t salisfy at least ¢ times the

maximum number of simultaneously salisfiable clauses in 0%

Proposition 6.20 shows that this problem is NP-hard which implies that Saijo’s

mechanism is not a polynomial time mechanism assuming P # NP.
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Proposition 6.20 Let ¢ € (0,1) be such that there is a polynomial time approxima-
tion algorithm for c-MAXSAT. The c-MAXSAT Membership problem is NP-hard.

Proof. 1t suffices to show that if this problem can be solved in polynomial time then
there is a polynomial time algorithm for SAT.

Suppose we are given a set of clauses # and we want to determine whether there
is a truth assignment that satisfies all the clauses in 0. Let m(6) be the maximum
number of clauses in # that can be simultaneously satisfied. The set of clauses 8 is

satisfiable if and only if m(0) = I where [ is the number of clauses in 6.

Consider the following algorithm for finding m(8).

1. Use the polynomial time approximation algorithm for ¢-MAXSAT to choose
a truth assignment ¢ that satisfies more than ¢m(8) clauses.

2. Let p be the number of clauses in # that ¢ satisfies.

3. Let k=0.

4. Repeat

D. k—Fk+1.

6. Extend the set of variables to the set V* by adding variable v,,4.
7. Extend the set of clauses to #* by adding clause v, 4.
8. Extend t to V¥ by setting ¢(v,,1) to False.

9.  Until ¢ extended to V* does not satisfy em(0*) clauses.

10.  Return |(1/¢)p] — k + 1.

It is not hard to show that the algorithm returns the correct value of m(#). Since,
for each k, v,4; does not appear in any clauses other than #*, any truth assignment
for V*=1 can be extended to satisfy v,,, without affecting the number of clauses it
satisfied in 0. Therefore, m(6*) = m(0) + k. Since ¢ does not satisfy v,;; for any

k > 1, t satisfies p of the clauses in each of the #*. The repetition is guaranteed to
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1—c
c

m(@k) =m(0)+ (%m(@ﬂ +1> m(0) +1 when k = (%m(@ﬂ +1. Since the algorithm

[

terminate by the time k = [2=¢m(0)] +1 since ¢ satisfies at most m(6) clauses in f% and

begins with a truth assignment that satisfies at least ¢cm(8) clauses, it stops extending
the set of clauses when £ is the smallest integer such that p < ¢(m(0)+ k). Therefore,
k is the smallest integer such that 2p—k < m(6) which implies m(0) = |(1/c)p| —k+1.

To evaluate the asymptotic running time of the algorithm, first note that, given our

assumptions, we know that each of the steps of this algorithm other than Step 9 takes

polynomial time. Furthermore, the maximum number of iterations is (lzc 141 so

there are a polynomial number of iterations. Hence, if Step 9 takes only a polynomial

amount of time then the entire algorithm is polynomial time.

We can use this algorithm to decide SAT by comparing the output to the number of
clauses in §. The CNF formula @ is satisfiable if and only if the value for m(8) returned
in Step 10 is /. Therefore, if Step 9 takes only a polynomial amount of time we have a
polynomial time algorithm to decide SAT. Thus, the e-MAXSAT Membership problem
is NP-hard. |

Theorem 6.21 Let ¢ € (0,1) be such that there is a polynomial time approxima-
tion algorithm for e-MAXSAT. If Saijo’s mechanism with F(-) = ¢-MAXSAT(-) is a

polynomial time mechanism then P = NP,

Proof. For the mechanism to check whether =z € F(#},...,0%) in Rules I and 11, it
requires a solution to the ¢-MAXSAT Membership problem which Proposition 6.20

shows is NP-hard. Hence, if the mechanism is polynomial time then P = NP. |

In Saijo’s mechanism, for a strategy profile to be an equilibrium strategy profile, it
must always be the case that all but at most one of the agents choose an outcome that
is in F'(6). To see this, observe that if more than one agent declares an alternative
which is not in F'(#) then Rule III applies. There can be no equilibrium outcome
caused by Rule III since each agent ¢ that is not satisfied by the outcome has incentive
to deviate by specifying a k; that changes the outcome to z; and specifying an z;

that satisfies §;. Theorem 6.21 implies that if ¢ is such that Saijo’s mechanism with
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F(-) = ¢-MAXSAT(+) is polynomial time then the agents cannot find an alternative in
¢-MAXSAT(+) in polynomial time. Therefore, either the mechanism is not polynomial
time or there is no polynomial time equilibrium strategy profile. Whether there is a
general mechanism to implement any monotonic social choice rule satisfying no veto

power that does not check membership in F'(-) is an open question.

As discussed in Section 5.2, we are willing to settle for strong implementation as
opposed to full implementation of ¢-MAXSAT(-). If ¢-MAXSAT(-) is strongly imple-
mentable then there must be some fully implementable social choice rule F(-) such

that F'(0) C c-MAXSAT (0) for all 8. Thus, it is sufficient for our purposes to find a
social choice rule F'(+) such that the following three conditions hold:

1. F(0) C -MAXSAT () for all 0
2. F(-) is monotonic and satisfies no veto power

3. Checking membership in F(+) is easy.

Since, we have a mechanism that strongly implements %—MAXSAT(-) in dominant
strategies (Mechanism 6.1), it does not seem particularly important to develop a
mechanism that strongly Nash implements %—M/—\XSAT(-). However, Mechanism 6.1
is tied to a particular truth assignment ¢. The outcome is always either ¢ or {. An
unfortunate choice of ¢ eliminates many outcomes that would be more desirable from
a social viewpoint. For example, let [ = 4, 0 = (21,21, %2,%2) and ¢t = x125. The
number of clauses in # that are satisfied by ¢ is 2. Both of Johnson’s algorithms
would choose ' = x1Zy which is an optimal outcome. A better option would be
to implement a social choice rule that included any truth assignment that satisfied
as many clauses as ¢ and ¢ for some fixed . In other words, it would be better to
implement the following social choice rule where, for all truth assignments #, S (0, f)

is defined to be the number clauses in 0 that { satisfies:
F(0) = {t':5(0,t) > max(S(0,t),5(0,t))}
U{t" : t' satisfies at least I — 1 clauses in 8}. (6.3)
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Using a mechanism like Saijo’s (Mechanism 6.2) would allow the agents to achieve
better outcomes than the ¢ or ¢ fixed by Mechanism 6.1. It could be argued that
full Nash implementation of %—M/—\XSAT(-) using Saijo’s mechanism would be better
than strong dominant strategy implementation using Mechanism 6.1. Unfortunately,

although F'(+) satisfies no veto power it is not fully implementable in Nash equilibrium.

Proposition 6.22 [If there are at least lwo variables, the social choice rule defined

in Fquation 6.3 is nol monotonic.

Proof. We provide a proof for the case of two agents and two variables. It can be
easily generalized. Let 6 = (z1,%2) and 6’ = (21 V Z;,%;) and ¢t = zy25. We have
t € F(0) but t ¢ F(0'). However, for each agent ¢, L;(t,0;) C L;(t,0}) so F(-) is not

monotonic. |

Although the social choice rule defined in Equation 6.3 is not fully Nash imple-
mentable, Theorem 6.23 defines an alternative social choice rule that is fully Nash

implementable and which maps each type profile § to a subset of %—MAXSAT(Q).

Theorem 6.23 Let F(0) be the selt of outcomes t such that t satisfies at least %
clauses in 0. If there are at least three agents, F(-) is fully Nash implementable using

Saijo’s mechanism.

Proof. F(-) clearly satisfies no veto power since there are at least three agents. Let
0, 0" and ¢ be such that ¢t € F'(0) and L;(t,0;) C L;(t,0!) for all ¢. Since every clause
has a satisfying truth assignment, if ¢ satisfies §; then ¢ must satisfy .. Therefore,
t satisfies at least half of the clauses in ' so t € F(6'). Hence, F(-) is monotonic.
Since F'(-) is monotonic and satisfies no veto power, Saijo’s mechanism fully Nash

implements F'(-). |
Corollary 6.24 %-MAXSAT(-) is strongly Nash implementable in polynomial time

for polynomial time bounded agents.

Proof. Let F(-) be the the social choice rule used in Theorem 6.23. It is easy to check
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whether a truth assignment ¢ is in F(#) so Saijo’s mechanism is polynomial time com-
putable. Let 6 be the agents true type profile. For any truth assignment ¢ such that
t€ F(0) and any k,1 <k < [, let 5;(0) = (6;,0i11,t, k) for all . The strategy profile
s(0) = (s1(0),...,s1(0)) is a Nash equilibrium.* Such a strategy profile is clearly
easy for the agents to compute since the agents can use the complement algorithm
to find a t € F(0). Therefore, F(-) is fully Nash implementable in polynomial time
for polynomial time bounded agents. Since F/(6) is a subset of 3-MAXSAT () for all
0, :-MAXSAT(-) is strongly Nash implementable in polynomial time for polynomial

time bounded agents. |

In Section 6.3, we show that in general %—MAXSAT(-) is the best approximation for
MAXSAT (-) that can be strongly Nash implemented in polynomial time for polynomial

time bounded agents.

6.3 Upper Bounds on Approximability

Existing work in mechanism design shows that the set of social choice rules that
are implementable in Nash equilibrium is much smaller than the set of social choice
rules that are implementable in refinements such as undominated Nash equilibrium?®
(Palfrey and Srivastava, 1991; Jackson, Palfrey, and Srivastava, 1994) and subgame
perfect equilibrium® (Moore and Repullo, 1988). Palfrey and Srivastava (1991) point
out that for a social choice rule to be fully implementable in Nash, undominated Nash,

or subgame perfect equilibrium, it must satisfy Property Q defined below. Property

(QQ must also be satisfied for full implementation in dominant strategies.

4See Saijo (1988) p. 698.

®An undominated Nash equilibrium is a Nash equilibrium in which no agent plays a weakly
dominated strategy.

5Subgame perfect equilibrium is defined for games that are played in stages. A strategy profile

is a subgame perfect equilibrium if it is a Nash equilibrium in every subgame.
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Definition 6.25 (Palfrey and Srivastava, 1991) A social choice rule satisfies Prop-
erty Q if, when 0, 6" and t are such thatt € F(0) and t ¢ F(0'), there is an @ such

that 0; # 0 and agent ¢ is not completely indifferent under 6.

Theorem 6.26 Let F(-) be a social choice rule such that, for some constant ¢ €
(0,1), F(8) C «-MAXSAT(0) for all 8. Suppose for some type profile 0 there exists
a truth assignment t € F(0) that satisfies less than ¢l clauses. Then F(-) does not

satisfy Property @) .

Proof. Let F(-), 0, ¢, and t be as defined above. For each ¢ such that ¢ satisfies 8;,
let [; be any literal in 6; such that ¢(/;) = True. Create #' from 6 by adding I; to 0;
for each clause 6; that t satisfies. For each ¢, either §; = 6; or agent 7 is completely

indifferent under type 6;. Hence, for F(-) to satisfy Property Q , it must be the case
that t € F(0').

Since ¢ must satisfy every clause that ¢ does not satisfy, and ¢ must satisfy 6! if
t satisfies ;, m(8') = I. Since, the clauses in 6 that ¢ doesn’t satisfy also appear in
¢', the number of clauses in # that ¢ satisfies is less than ¢/ = em(#'). Therefore,
t & -MAXSAT(#'). This implies that ¢t ¢ F/(8) since F(8) C c-MAXSAT (8) for all 6.
Thus, F(-) does not satisfy Property Q . |

Theorem 6.26 says that the only approximate social choice rules for MAXSAT that
can be fully implemented in dominant strategy, Nash, undominated Nash, or subgame
perfect equilibrium are those that guarantee the number of agents that the outcomes
satisfy is a constant times the total number of agents rather than a constant times
the maximum number of simultaneously satisfiable agents. The following corollary

shows that this is impossible for ¢ > 1/2.

Corollary 6.27 For any ¢ such that [cl] > (%L c-MAXSAT () cannot be strongly
implemented in dominant strateqy, Nash, undominated Nash or subgame perfect equi-

librium.
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Proof. Let T' be any mechanism that strongly implements ¢-MAXSAT(-). Define
E:0; x...x 07 — X such that F(0) is the set of equilibrium outcomes of I' for

type profile 6. By definition, I' fully implements E(-). Since I' strongly implements
-MAXSAT(+), E(0) C c-MAXSAT () for all 4.

Let 0/ =z for 1 <: < L%J Let 0! =z for 2| +1 < ¢ < [I. Since the maximum

3
number of simultaneously satisfiable clauses is (%L no truth assignment can satisfy
more than (ﬂ clauses. Therefore, any t € F(') satisfies less than ¢l clauses in 6'.
According to Theorem 6.26, this implies that F(-) does not satisfy Property Q. But

then K(-) is not fully implementable which is a contradiction. |

By Proposition 5.13, Corollary 6.27 also holds for strong implementation in poly-

nomial time for polynomial time bounded agents.

6.4 Repeated Implementation

To this point, we have only considered mechanism design for collective decisions
that occur in isolation. The agents see the mechanism once and the mechanism
sees each agent once. There is no opportunity for the mechanism or the agents to
gain information from their previous encounters. In many applications, repeated
interaction may be the more likely scenario. In this section, we briefly consider

repeated implementation.

There is currently little in the economics literature on repeated implementation.
Kalai and Ledyard (1998) present a very simple model of repeated implementation to
show that in some cases repetition may make things easier for the mechanism designer.
They show that if the mechanism is more patient that the agents, any social choice
function can be implemented in dominant strategies in the long run. This is in sharp
contrast to the Gibbard-Satterthwaite Theorem (Proposition 6.2). In this section, we
evaluate Kalai and Ledyard’s model from a computational perspective again using

MAXSAT to focus our analysis. We begin with an overview of the model.
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Definition 6.28 An infinitely repeated mechanism design problem consists

of the following:

e a set of I agents that must make a collective choice over some finite sel of

possible outcomes X .
o X is the set of infinite sequences over X.
e for each agent 1,

— a set ©; of possible types.

a utility function u; : X x ©; - R
— a discount factor §; € (0, 1].

— Agent 1’s utility for the repeated game is defined to be:

ui(0;, %) Z5t Yui(0;, ") (6.4)

2 t

where v°° = (z', 2%, ..., 2%, ...) is an infinite sequence of oulcomes.

Fach agent is assumed to be trying to mazimize its utility.

o A social choice rule F': ©7 x ... x O — 2%~ \ 0.

Kalai and Ledyard (1998) study situations in which the mechanism designer is
only concerned with eventual implementation while the agents care more about their
immediate payoff. The mechanism is considered successful if the social choice rule is

satisfied from some time onward.

Definition 6.29 A revelation mechanism with outcome function g(-) patiently
dominance-implements a social choice rule F(-) = (Fi(-), Fa(+), ..., F.(+),...)
if, for each type profile 6,

1. 0; is a dominant strategqy for each agent 1
2. for some time N, g,(0) € F,(0) for alln > N.
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The following restriction on the agents’ types is sufficient to permit any social

choice function to be patiently dominance-implemented.

Definition 6.30 Types are separable if for every player i and for all distincl types
0; and 0; there is a pair of oulcomes x and y such that ui(0;,2) < w;i(bi,y) and
uz(ezax) > uz(guy)

Proposition 6.31 (Kalai and Ledyard, 1998) If 0; is finite for all i then in a
types separable environment with bounded utility functions every social choice function

s patiently dominance implementable.

The mechanism used to obtain Proposition 6.31 is formally described in Mech-
anism 6.3 below. The idea behind the mechanism is that each agent : will be a
dictator for a time period of length D;. During each stage of agent :’s dictatorship,
the mechanism chooses a pair of types for agent ¢ and a separating pair of alternatives
for those types. The outcome of the stage is the alternative that is most preferred
by the agent given its declared type. Lying on the part of the agent results in at
least one outcome of his dictatorial period being suboptimal. The dictatorial phase
is followed by a “cooling oftf” phase where the outcome is some fixed alternative that
does not depend on the declared types of the agents. Since the mechanism knows
the discount factor for each agent, the length of this cooling off phase can be made
large enough that any benefit from lying that occurs after the cooling off phase will

be overwhelmed by the loss that occurs during the agent’s dictatorial period.

Mechanism 6.3.

1. For: from 1 to [

2. Let D; be the number of unordered pairs of distinct types in 0.

3. Let T; be any ordering of the unordered pairs of distinct types in O;.
4. For k=1 to D;

3. Let pf = (2%, y¥) be a pair of alternatives that separates the types in
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the k-th pair from 7.

6. For ¢ from 1 to ]

7. For n from 1 to D;

8. If wi(2k, 0;) > wi(yk, 0,)

9. then let the outcome be a:f
10. else let the outcome be yf

11.  Let the outcome be some fixed alternative z for some number of phases which
depends on the discount factors.
12. For each stage n beyond the cooling off phase above,

13. Let the outcome be f,(0).

Unfortunately, we cannot use Mechanism 6.3 to implement MAXSAT(-) since,
as the following proposition shows, MAXSAT does not provide a types separable

environment.

Proposition 6.32 Types in MAXSAT are not separable.

Proof. Let 0; = (z1) and 0! = (21 V x3). Every truth assignment that satisfies ; also

satisfies 0. Therefore, u;(0;,z) < u;(0., z) for all outcomes z € X. |

We know from Proposition 6.9 that MAXSAT(:) is truthfully implementable in
dominant strategies so it is a trivial exercise to implement it in a repeated situation.
Suppose, however, that the time that the repeated mechanism is allowed to use at
each stage is only polynomial in the size of the agents’ types and the problem param-
eters. The mechanism cannot choose an outcome in MAXSAT(6) at every stage in
polynomial time. However, the mechanism can use the repetition to its advantage by
spending some time at each stage trying to find an optimal solution. It will require
an exponential number of stages to find an optimal solution but if the mechanism is

only concerned with implementation in the long run this is acceptable.
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Consider the following revelation mechanism which makes use of the complement

mechanism defined in Mechanism 6.1:

Mechanism 6.4.

1. Let (6y,...,01) be the type profile declared by the agents.

2. Let t1,...,t9n be the lexicographic ordering of all possible truth assignments
over boolean variables z1, ..., 2, as defined in the proof of Proposition 6.9.

3. Let MAX =0

4. For stage j from 1 to 27

5. if ¢; satisfies at least as many clause in @ as
6. then choose 1; as the outcome
7. else choose fj as the outcome

8. if S(0,t;) > MAX then m = j

9. After stage 2", choose {,, as the outcome.

Proposition 6.33 Mechanism 6.4 patiently dominance-implements MAXSAT (-). The
time used at each stage is polynomial in the size of the type profile and the problem

parameters. Furthermore, the outcome at every stage is in %-MAXSAT(Q).

Proof. Since the mechanism examines every truth assignment in the first 2" stages,
tm € MAXSAT(60). Hence, from stage 2" + 1 onward the outcome is in MAXSAT () so
it suffices to show that truth-telling is a dominant strategy for each agent. Since truth-
telling i1s dominant for the complement mechanism based on any truth assignment,
lying cannot result in a better outcome at any stage prior to stage 2" 4+ 1. Truth-
telling is also dominant for the mechanism given in the proof of Proposition 6.9.
The outcome of this mechanism is the outcome chosen by Mechanism 6.4 from stage
2" 4+ 1 onward so lying cannot result in a better outcome at any stage after stage 2".

Therefore, truth-telling is a dominant strategy for each agent. |
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The model presented in Kalai and Ledyard (1998) is intentionally simplistic. For
one thing, it 1s not clear how the mechanism comes to know the agents’ discount
factors. Without this knowledge the mechanism would not be able to determine how
long a cooling off phase is required. The mechanism we presented for MAXSAT (-) does
not need a cooling off phase and does not need to know the discount factors. However,
an exponential number of stages occurs before the mechanism is guaranteed to choose
an optimal outcome. This may or may not be acceptable depending on how strictly
one views the assumption that the mechanism is concerned only with the eventual

outcomes.

6.5 Conclusion

We have formalized the computational problem of mechanism design in such a way
that classic results from the field can be applied. Using a multiagent version of
MAXSAT, we have investigated the difficulties that arise in applying these results to

NP-hard optimization problems. OQur results are summarized in Table 6.1.

We have demonstrated that, despite the impossibility results regarding domi-
nant strategy implementation, it is possible to implement an approximate social
choice rule for MAXSAT in dominant strategy equilibrium. We have also investigated
computational issues in repeated implementation in dominant strategies using the
model of Kalai and Ledyard (1998). The repetition permitted patiently dominance-
implementation of MAXSAT (-) even when the mechanism is restricted to polynomial
time at each stage. An exponential number of stages is required, of course, before op-
timal outcomes can be guaranteed. Future work in repeated implementation should
consider more realistic models which take into account that the agents’ preferences
might change over time or even depend on previous outcomes. It should also consider
environments in which the agents have less than complete information about each

other and perhaps the workings of the mechanism.

With regard to Nash implementation, we showed that approximation was benefi-
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Table 6.1: A summary of results on the implementability of MAXSAT(:) and
-MAXSAT(-). We use — before the result to indicate that the result is negative.
For example, “~Strong” indicates that strong implementation was shown to be im-
possible while “Strong” indicates that the social choice rule was shown to be strongly
implementable. “Strong-Poly” indicates that the social choice rule was shown to be
strongly implementable in polynomial time for polynomial time bounded agents. In
the repeated context, “Poly” means the implementation can be done using polyno-
mial time at every stage. The negative result regarding strong implementation of

c-MAXSAT() for ¢ > 1/2 applies to undominanted Nash and subgame perfect equi-

librium as well.

Rule Dominant Strategy Nash Patiently dominance
MAXSAT(-) Strong —Full Poly
T-MAXSAT(-) Strong—Poly Strong—Poly —
> LMAXSAT(") —Strong —Strong —

cial in two ways. It enabled strong Nash implementation when the exact social choice
rule was not monotonic and it enabled polynomial time implementation when finding
a member of the exact rule was NP-hard. In addition, we showed that the standard
mechanisms” used to prove Maskin’s theorem cannot be computed in polynomial time
for an approximate social choice rule e-MAXSAT such that there is a polynomial time
c-approximation algorithm for MAXSAT. This implies that these mechanisms do not
fully Nash implement ¢-MAXSAT (-) for any ¢ in polynomial time for polynomial time
bounded agents. Since we are more concerned with strong implementation than full
implementation, fully implementing a subset of ¢-MAXSAT(-) would be acceptable.
However, we showed that the largest ¢ for which e-MAXSAT (+) is strongly Nash im-
plementable in general is ¢ = 1/2. This upper bound applies to dominant strategy,

Nash, undominated Nash, and subgame perfect implementation.

It is somewhat remarkable that although there are approximation algorithms that

"We are currently evaluating the complexity of the mechanism due to McKelvey (1989).
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provide better lower bounds than 1/2, none of these algorithms produce implementing
mechanisms for any of the four main equilibrium concepts studied for environments
with complete information. Since the multiagent MAXSAT problem as we have de-
fined it 1s a special case of the more general problem in which each agent specifies a
separate CNF formula, these negative results apply to the more general problem as
well. These results along with the result given in Ronen (1999) for dominant strategy
implementation suggest that our ability to implement approximate social choice rules
is very limited even when we have a number of approximation algorithms for the

problem in question.
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Appendix A

Overview of Game Theory

This section provides a short overview of game theory. For a more detailed introduc-
tion see Owen (1995), Osborne and Rubinstein (1990), Myerson (1991) or Luce and
Raiffa (1957).

A.1 Two-Person Zero-Sum Games

Definition A.1 A two-person zero-sum game is a 3-luple G = (Aq, Az, 7("))
where:

Ay is a finite set of strategies for player 1.

Ag is a finite sel of strategies for player 2.

r: Ay X Ay — R is a payoff function.
Player 1 attempts to mazimize the payoff while Player 2 attempts to minimize the

payoff.

A two-person zero-sum game (G = (A, Ay, r(+)) can be represented by a real valued
matrix where the set of rows corresponds to A;, the set of columns corresponds to
Ajy, and the entry in row a; column ag is r(ay, az). Player 1, therefore, chooses a row
so as to maximize the payoff while Player 2 chooses a column so as to minimize the

payoff.
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Game theory attempts to determine which outcome would be expected to occur
if the players played “rationally”. There are many different notions of what is meant
by rational but they all assume that the players care only about maximizing or min-
imizing the payoff. One notion of a rational outcome is the outcome that each player
can guarantee. The largest payoff that Player 1 can guarantee is called his mazmin
value in pure strategies. Similarly, the smallest payoff that Player 2 can guarantee is
called his minmax value in pure strategies.

Definition A.2 Player 1’s maxmin value in pure strategies is max min r(aq, as
A A ’
21€A a2€A2

while Player 2’s minmax value in pure strategies is miil max r(ay,az).
a2E€A2 a1 €A

Example A.3 Let G be defined by
1 3

max min r(ag,az) =1 min max r(ay,az) = 1.
a1€A; az€A az€Az a1 €A

Example A.4 Let G be defined by
0 3

max min r(ag,az) =1, min max r(a,as) = 2.
a1€EA1 ax€EA; ay€Az a1€EA

When Player 1’s maxmin value is equal to Player 2’s minmax value that value
is said to be the value of the game in pure strategies. It is a single outcome that is
predicted as the outcome of the game. As can be seen from Example A.4, not every
game has a value in pure strategies. If we allow the players to randomize over their

strategies, however, every finite two-person zero-sum game has a value.

Definition A.5 A mixed strategy for a player is a probability distribution over
the set of pure strategies available to the player.

Definition A.6 Player 1’s maxmin value in mixed strategies is:

max min F,[r(a,as)] while Player 2’s minmax value in mixed strategies is:
oEA(A1) a2€Az
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min max F,[r(ai,az)] where E,[r(ay,as)] is the expected value of the payoff func-
YEA(Az) a1€4A;

tion given mized strategy o is being played by Player 1 or Player 2 as the case may
be.

The following theorem known as the Minimax Theorem was proven by von Neu-

mann (1928).

Proposition A.7 (Minimax Theorem)

AR Bl el =gy e B )

— in E,
,max | min  Eo,lr(ar,6)]

Definition A.8 The value of a two-person zero-sum game in mized slralegies is

,max  min | Foslr(araz)].

A.1.1 Repeated Two-Person Zero-Sum Games

Definition A.9 A repeated game consists of a sequence of stages such that at each
stage the same game G is played. G is called the stage game. We refer to the pure

strategies played al each stage of a repeated game as actions.

A repeated game could be finite in which case the game is played for N stages for
some finite integer NV > 2 or infinite in which case the game is repeated indefinitely.

For a finitely repeated game the payoff is defined as

1 N o
¥ > r(aj,a))
=1

where @} and a are the actions played at stage 7 by Players 1 and 2 respectively.

A pure strategy for a player in an N-stage game is a specification of the action
the player chooses at each stage given the complete history of actions chosen so far.

A mixed strategy is a probability distribution over the set of pure strategies.
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Definition A.10 Let To = 0. Let Y; = {((al,dl),...,(a},a})) : o] € Ay, d} €
N-1
Ay, for1 < j < i}. For an N-stage game, T = U T, is the set of all possible
=0
histories of play. For an infinitely repeated game, T = U T, is the set of all possible
=0
histories of play.

Definition A.11 Let Ay be the sel of actions for Player k in the slage game. A pure
strategy s for Player k in a repeated game is a function from histories to actions,
i.e., s: T — Ag. Lel Sy be the sel of pure strategies for Player k. A mixed strategy
for Player k is a probability distribution over the Sy.

A.2 General sum games

In Part II of the thesis, we use results from the theory of general sum games.

Definition A.12 An n-person general sum game is an (n+1)-tuple G = (Ay, As,
ooy Anyr(v)) where:

A; is a finile set of strategies for Player ¢, 1 <1 <n.

u: Ay x Ay — R"™ is a payoff or utility function where u;(as,...,a,) is the

payoff to Player v given that Player j plays stralegy a; for each 3, 1 < j <n.

FEach player attempts to mazximize his own payoff without regard for any other players’

payoff.

An n-person general sum game can be represented by an n-dimensional matrix
in which each entry of the matrix is an n-tuple (r,...,r,) indicating the vector of
payoffs for the players. For example, the following matrix represents a two-person

general sum game in which Player I chooses a row and Player II chooses a column:
I1

110



3,4 1,3 2,4
I 0,1 1,1 2.0
2,2 0,1 1,0

As with zero-sum games, in general sum games we are interested in determining
what outcomes to expect from a game when it is played by “rational” players. Ratio-
nal outcomes are called equilibrium outcomes. There are many different equilibrium
concepts used in game theory. The two equilibrium concepts we discuss in this thesis

are dominant strateqy and Nash equilibrium.

A strategy a; € A; is a dominant strategy for Player ¢ if no matter what strate-
gies the other players play, Player ¢ can do no better than to play a;. A strategy
profile in which every player plays a dominant strategy is called a dominant strategy

equilibrium. Formally:!
Definition A.13 A strategy profile (a1,...,ar) for an I-person game is a dominant
strategy equilibrium if, for each player 1,
ui(ai, a—;) > ui(al,a_;)

forall at € A; and all a_; € A_,.

To understand the concept of a Nash equilibrium, consider what would happen if
prior to announcing their strategies for a game, the players got together and agreed to
play a particular strategy profile. If no player could increase his payoff by unilaterally

deviating from this agreement, then the strategy profile is a (pure) Nash equilibrium.

Formally:

Definition A.14 A strategy profile (a1,...,a5) for an I-person game is a Nash

equilibrium if, for each player 1,

ui(ag, a_;) > ui(aj,a_;)

1We use the notation a_; to indicate the vector consisting of all elements of vector (a1,...,ar)

except element 7.
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for all al € A;.

Consider the following two-person game:

b by
ai [ 1,1 2,0
a; \ 0,1 2,1

The strategy profile (a1,b1) is both a dominant strategy and a Nash equilibrium
while (ag, by) is a Nash equilibrium but not a dominant strategy equilibrium. Neither

of the other two strategy profiles are dominant strategy or Nash equilibrium.
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Appendix B

Review of Complexity Theory

This section provides a very brief review of complexity theory. For a more detailed

discussion see Garey and Johnson (1979).

Definition B.1 A decision problem is a problem thal requires a yes or no answer.
Formally, a decision problem 11 is a set Dy of instances and a set Y C Dy of Yes

instances.

For example, one of the most widely studied decisions problems is the Satisfiability

problem:

Definition B.2 SAT is the decision problem defined as follows: Let 'V be a sel of
boolean variables and 0 be a conjunctive normal form (CNF)' formula over those

vartables. Is there a truth assignment to the variables in V' such that every clause in

0 is satisfied?

An instance of SAT is a set of boolean variables and a CNF formula over those

variables. For example, ({x1, 22}, (21 V 22) A (Z1)) is an instance of SAT.

LA CNF formula is a conjunction of disjunctions. For example, (z1 V 2) A (21 V z3) is a CNF
formula. Each disjunction is called a clause. A clause is satisfied if at least one of the literals in the

clause 1s True .
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There are two types of algorithms that we consider — deterministic algorithms
which do not involve any randomness and nondeterministic algorithms which are

allowed to use randomness.

Definition B.3 An algorithm is said to be polynomial time if there is a polynomial
p(+) and a constant ¢ > 0 such that the time the algorithm takes to compule an output

is < ep(|z|) for all inputs x where |x| is the size of the binary description of x.

Definition B.4 A decision problem 11 is decidable in deterministic polynomial
time if there is a deterministic polynomial time algorithm A(-) such thal for all

instances x € Dy, A(x) = Yes if and only if x € Yi1.

Definition B.5 P is the set of problems that can decided in deterministic polynomial

time.

Since a nondeterministic algorithm involves randomness, the output of a nonde-
terministic algorithm may vary from one invocation to another even if the input to
the algorithm is the same. We say such an algorithm has many possible computations
for each input. A nondeterministic algorithm solves a decision problem if it returns
Yes with nonzero probability if and only if the input is a Yes instance of the problem.

Formally:

Definition B.6 Lel 11 be a decision problem. 11 is decidable in nondeterministic
polynomial time if there is a nondeterministic polynomial time algorithm A(-) such

that for all instances x € Dy, A(x) = Yes for some possible computation if and only

’Lfl’ € YH.

Definition B.7 NP is the set of problems thal can be decided in non-deterministic

polynomial time.

Determining whether nondeterminism provides any benefit is the major open prob-

lem in computer science.
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Open B.8 IsP =NP¥?

A problem is NP-hard if every problem in NP can be reduced to it in deterministic

polynomial time. Formally:

Definition B.9 A decision problem 11 is NP-hard if for every problem 11" in NP there

exists a function [ : Dy — Dy such that

1. f(+) can be computed by a deterministic polynomial time algorithm

2. f(z) € Y if and only if x € Yiv.
Il is said to be NP-complete if in addition 11 is in NP .

If an NP-hard problem can be solved by a deterministic polynomial time algorithm,
then, since every problem in NP can be reduced to it in deterministic polynomial time,
every problem in NP can be solved in deterministic polynomial time. In other words,
P = NP. Since it is not known whether P = NP, we take the fact that a problem is
NP-hard to be an indication that it is not possible to solve the problem in a reasonable

amount of time for all instances.

Proposition B.10 (Cook, 1971) SAT is NP-complete.

Proof. The standard proof is to reduce a generic problem in NP to SAT in polynomial

time. |

Corollary B.11 SAT is in P if and only if P = NP.

Having a problem that is NP-complete provides a way to prove other problems
to be NP-hard since, to prove that a problem II is NP-hard, it is enough to find a
polynomial time transformation from a known NP-complete problem to II. This is
true since the composition of polynomial time transformations is another polynomial
time transformation. For example, it is possible to reduce SAT to the following

problem which we study in Part 1I:
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Definition B.12 MAXSAT is the decision problem defined as follows. Let V be a
set of boolean variables, let § be a CNF' formula over those variables, and let k be
an integer between 2 and |0|. Is there a truth assignment to the variables in V that

salisfies at least k clauses in 07

Proposition B.13 MAXSAT is NP-hard.

Proof. Define f : Dsat — Dwmaxsat by f((V,0)) = (V,0,]0]). This function is
certainly computable in polynomial time. Since an instance (V,8) of SAT is in Ysar

if and only if |f| clauses are satisfied, f(z) € Ymaxsar if and only if 2 € Ysar. |
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